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Abstract. The strong Macdonald theorems state that, for L reductive and s an odd vari- 
able, the cohomology algebras H*{L[z\/ z^) and iJ*(L[z, s]) are freely generated, and de- 
scribe the cohomological, s-, and z-degrees of the generators. The resulting identity for the 
z-weighted Euler characteristic is equivalent to Macdonald's constant term identity for a 
finite root system. We calculate H*{p/z^p) and H*{p[s\) for p a standard parahoric in a 
twisted loop algebra, giving strong Macdonald theorems that take into account both a par- 
abolic component and a possible diagram automorphism twist. In particular we show that 
H* {p / p) contains (a parabolic subalgebra of) the coinvariant algebra of the fixed-point 
subgroup of the Weyl group of i, and thus is no longer free. When p is a parahoric in an un- 
twisted loop algebra and = 1 our calculation gives a Lie algebraic proof of Borel's theorem 
that the coinvariant algebra is isomorphic to the cohomology algebra of the corresponding 
flag variety. Our calculation also implies that while H*{p/{z^ — t)p) is independent of i as a 
vector space when p is a twisted arc algebra, this breaks when p has a non-trivial parabolic 
component. Finally, we prove a strong Macdonald theorem for H*{b; S*n*) and H*{b / z^n) 
when b and n are Iwahori and nilpotent subalgebras respectively of a twisted loop algebra. 
For each strong Macdonald theorem proved, taking z-weighted Euler characteristics gives 
an identity equivalent to Macdonald's constant term identity for the corresponding affine 
root system. As part of the proof, we study the regular adjoint orbits for the adjoint action 
of the twisted arc group associated to i, proving an analogue of the Kostant slice theorem. 



1. Introduction 

Macdonald's constant term identity states that if A is a reduced root system then 

(1) [e°] n w - - ^^-") = ri r^T '0 ' 

where mi, . . . ,mi is the hst of exponents of L and (^)^ is the g-binomial coefficient. Mac- 
donald presented the identity as a conjecture in |Ma82] . and observed that it constitutes 
the untwisted case of a constant term identity for affine root systems. Further extensions 
(including a (g, t)-version) and proofs for individual affine root systems followed (see for in- 
stance [ZB85] |Hab86j jZiST] j5t88] jZi88] jMiM] jGu90] |GG91j |Kad94] ) until Ch erednik 
gave a uniform proof of the most general version using double affine Hecke algebras |Ch95] . 

Suppose A is the root system of a semisimple Lie algebra L with exponents mi, . . . ,mi. 
Prior to Cherednik's proof, Hanlon observed in |Ha86] that the constant term identity would 
follow from a stronger conjecture: 

The cohomology H* (^Llzj/z'^) is a free super-commutative algebra with gen- 

(2) erators of cohomological degree 2mj + 1 for each i = 1, of which, for fixed 

i, one has z-degree and the others have z-degree A^m^ -|- j for j = l,...,A^ — 1. 
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Hanlon termed this the strong Macdonald conjecture, and gave a proof for L = 5[„. Feigin 
observed in |Fe91j that the identity of ([T]) and the theorem of ([2]) follow from: 

The (restricted) co homology H*{L[z,s]) for s an odd variable is a free super- 
/„x commutative algebra with generators of tensor degree 2mj + 1 and 2mj + 2, 
2;-degree n, for z = 1, . . . , / and n > 0, where tensor degree refers to combined 
cohomological and s-degree. 

This version of the strong Macdonald conjecture corresponds to the [q, t) version of the 
Macdonald constant term conjecture. However, an error was discovered in Feigin's proof 
of dSD- A complete proof of ([2]) and ([3D was given by Fishel, Grojnowski, and Teleman 
[FGTOSj . using an explicit description of the relative cocycles combined with Feigin's idea 
(a spectral sequence argument) to prove ([2]) from The free algebra H*{L[s]) (which can 
easily be calculated from the Hochschild-Serre spectral sequence) appears as a subalgebra 
of H*{L[z,s]), and Fishel, Grojnowski, and Teleman also prove that if b is the Iwahori 
subalgebra {/ G L[z] : /(O) e bo} then H*{b[s]) is the free algebra if*(bo[s]) ^h*(l[s]) 
H*{L[z, s]). In this case their proof does not yield explicit generating cocycles. 

The purpose of this paper is to show that if*(p[s]) is a free super- commutative algebra, and 
determine the degrees of the generators, when p is a standard parahoric in the twisted loop 
algebra L[2;^^]'^, for a a (possibly trivial) diagram automorphism of L. Our proof is along the 
same lines as [FGTOSj : in particular, we are able to give an explicit description of cocycles 
for the relative cohomology, and hence apply Feigin's spectral sequence to determine the 
cohomology of the truncatations p/z^p when is a multiple of the order of a. Combined, 
our results for L[z]'^ give an extension of the strong Macdonald theorems to match the affine 
version of Macdonald's constant term identity. For a general parahoric, our calculation 
reveals that if*(p[s]) is isomorphic to H{po[s])<^H*{Lo[s])H{L[z, s]"), and hence can be viewed 
as providing an interpolation between the two extremal results of Fishel, Grojnowski, and 
Teleman. 

The algebras H*{p/z^p) also have an interesting description. As in ([2]), the algebras 
H*{L[zY / z^) are free, but this is no longer the case with a non-trivial parabolic component. 
The algebra H*{p/z'^p) is isomorphic to H*{go) (g>R{L",Qo) ®h*{l-) H*{L[zf / z'^), where 
00 = Po n po is the reductive component of the parabolic po, and R(i^'^, 0o) is the (parabolic 
subalgebra of the) coinvariant algebra of the Weyl group oi L'^ . A classic theorem of Borel 
states that R(i^'^, 0o) is isomorphic to the cohomology algebra of the generalized flag variety 
X corresponding to the Lie algebra pair (L'^,po) |Bo53j |BGG73j . The cohomology of X is 
in turn isomorphic to the Lie algebra cohomology algebra H*{L'^,Qq). If p is a parahoric in 
an untwisted loop algebra, then it is not hard to show that H*{p/zp,Qo) is isomorphic to 
H*{L",Qq), and hence in the simplest case our result gives a Lie algebraic proof of Borel's 
theorem. This is not the first description of the ring structure of H*{L'^,Qo) using Lie 
algebraic methods: the cohomology of X can also be described using the Schubert cells, 
and a basis of H*[L'^,Qo) dual to the Schubert cells has been worked out in Lie algebraic 
terms by Kostant |Ko63a] . Kostant and Kumar have shown that this method can be used 
to determine the ring structure of H*{L'^, go) in terms of the Schubert basis |KK86j . 

One intriguing consequence of Hanlon's conjecture is that H*{L[z]/z^) is isomorphic as a 
vector space to if*(L)®^. Since L[z]/{z^ - t) = L®^ for t ^ 0, this means that while the 
structure of L[z]/(z^ — t) changes dramatically as t degenerates to zero, the cohomology is 
unchanged. Hanlon termed this "property M", and conjectured that it holds not only for 
semisimple Lie algebras, but also for the nilpotent radical of a parabolic in a semisimple Lie 
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algebra and the Heisenberg Lie algebras [Ha90j. Kumar gave counterexamples to property 
M for the nilpotent radical of a parabolic |Ku99j . The conjecture for Heisenberg Lie algebras 
remains open, along with a number of other questions |Ha94j |HW03] . In the case of a 
parahoric in a twisted loop algebra if t 7^ then the truncation pl[z^ — t)p is 

isomorphic to L®^/'^, irregardless of the parahoric component. Our calculation shows that 
the cohomology is unchanged for L[zY /{z'^ — t) as t degenerates to zero, but degenerates 
from H*{L)®^^^ to H* {qq) (i^ H* {L" , Qq) {L'^) H* (L)'^^^'' for a general parahoric truncation 

p/(^^-t)p. 

The proof of the strong Macdonald theorem in |FGT08j is based on a Laplacian calculation 
for H*{L[z,s]) using the unique Kahler metric on the loop Grassmannian. The Laplacian 
calculation shows that the ring of harmonic forms is isomorphic to a ring of basic and 
invariant forms on the arc space The well-known facts about adjoint orbits in a 

reductive Lie algebra extend immediately from L to and can be used to determine the 

ring of basic and invariant forms on In the case of the parahoric, the corresponding 

homogeneous space has many Kahler metrics. To follow the line of the proof in |FGT08] , we 
show that there is a particular choice of Kahler metric that makes an analogous Laplacian 
calculation work. The ring of harmonic forms is isomorphic to (a ring similar to) the ring 
of basic and invariant forms on p. To calculate this ring, we study the adjoint orbits on 
the twisted arc space -^^[[2;]]'^ (the significant facts about adjoint orbits no longer extend 
immediately). As part of our calculation of the basic and invariant forms, we show that 
the GIT quotient of L[[z]f by G[[z]f is Q[[z]f , where Q = L//G. We also prove a slice 
theorem for twisted arcs in the regular semisimple locus, and an analogue of the Kostant 
slice theorem. 

Removing the super-notation, the cohomology ring of p [s] is isomorphic to the cohomology 
ring of p with coefficients in the symmetric algebra S*p* of the restricted dual of p. Frenkel 
and Teleman have shown that H*{b; S*n*) is a free algebra (and determined the degrees of the 
generators) when b and n are Iwahori and nilpotent subalgebras respectively of an untwisted 
loop algebra |FT06j . We prove Frenkel and Teleman's result in the twisted case and calculate 
the cohomology of the corresponding truncation b / z'^n. More generally, strong Macdonald 
theorems for different choices of coefficients might allow us to determine the cohomology 
of other truncations, such as L[zY/z^ when N is not divisible by k. At the moment, this 
question appears to be open. 

1.1. Organization. Section [2] contains an overview of our cohomology results and the con- 
nection with the constant term identity. Section[3]contains the Laplacian calculation. Section 
m contains all the results on adjoint orbits on /^[[^j]"^ needed to complete the calculation of 
H*{p[s]). Section [5] contains the spectral sequence argument for calculating the cohomology 
of the truncation p/z^p. The Kostant slice theorem is completed in Section [HI along with 
the calculation of H*{b, S*n*). 

1.2. Acknowledgements. This paper forms part of my Ph.D. thesis at U.C. Berkeley. I 
thank my advisor, Constantin Teleman, for suggesting the project and for many helpful 
conversations. I also thank Dustin Cartwright, Anton Gerashenko, and Kevin Lin for help- 
ful conversations about algebraic geometry. This work was supported in part by NSERC. 
Additional support was received from NSF grants DMS-1007255 and DMS-0709448. 
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2. Cohomology of standard parahorics 

2.1. Notation and terminology. We fix the following terminology and notation through- 
out the paper, except where explicitly stated. L will be a reductive Lie algebra with diagram 
automorphism a of finite order k. The twisted loop algebra is the Lie algebra q = L[z^^Y, 
where a is the automorphism sending f{z) 1— )■ (y{f{q^^z)) for q a fixed fcth root of unity, g 
can be written as 

fe-i 

1=0 

where Li is the g*th eigenspace of a. If L is simple then each Li is an irreducible Lo-module. 
In particular if L is simple then Lq is also simple; in general Lq will be reductive. A reductive 
Lie algebra L has an anti-linear Cartan involution " and a contragradient positive-definite 
Hermitian form {, }. These two structures extend to the twisted loop algebra Q so that for 
any grading of type 0?, = and Qm -L Qn when m ^ n. 

The root system of g can be described as follows. Let be a Cartan subalgebra of L 
compatible with the diagram automorphism. Then f)o := f)*^ is a Cartan in Lq, and Lq has a 
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set ai, . . . , a; of simple roots which are projections of simple roots of L. The roots of g can 
be described as a + ?t,5 G [)o x where either a is a weight of Lj with n = i mod k, or a = 
and n ^ 0, and 6 comes from the rotation action of C* on q. Assume that L is simple, and 
let ip be either the highest weight of Li (an irreducible Lo-module) if > 1, or the highest 
root of L, ii k = 1. Then the set ao = S — ip, ai, is a complete set of simple roots for 
g. If L is reductive then we can choose a set of simple roots by decomposing L as a direct 
sum of cr-invariant simple subalgebras plus centre, and taking the simple root sets from each 
corresponding factor of g. 

The twisted loop algebra g can be given a Z-grading by assigning degree rf, > to the 
positive root vector associated to a,. In Kac's terminology this is called a grading of type 
d [Ka83j ■ A parahoric subalgebra of g is a subalgebra of the form p = ®„>o0n5 for some 
Z-grading of g of type d. A parahoric subalgebra contains a nilpotent subalgebra defined by 
^ — ©n>o We will say that a parahoric is standard if it comes from a grading of type 
d such that rfj > whenever is of the form 6 — ip for ip E f)o- Suppose p is a standard 
parahoric. Let S = {ai : di = 0}, and po be the parabolic subalgebra of Lq defined by 

P0 = h0® (^o)a © (^o)a, 
aGA+ aeA-nZ[5] 

where A"*" are the positive and negative roots of Lq with respect to the chosen simple roots. 
Then p = {/ G g : /(O) G po}, while u = {/ G g : /(O) G Uq}, where Uq is the nilpotent radical 
of po. Note that in this context the nilpotent radical of an algebra i is the largest nilpotent 
ideal in [t, i] (or equivalently the intersection of the kernels of all irreducible representations), 
so that Uq does not intersect the centre of L. 

The completion of a subalgebra K G Q with respect to a Z-grading is the algebra K = 
lim^ K/ K'^^\ where /T'-'^-* = Kn- If a parahoric subalgebra p is completed with respect 

to a grading of g of type d, the result is a pro-Lie algebra p. The pro-algebra structure on p 
is independent of the choice of grading. The dual of a pro-algebra p will always refer to the 
continuous dual p* = 0p^. The continuous cohomology if*^g(p;l^) is defined similarly to 
the ordinary cohomology using a version of the Koszul complex with continuous cochains. 

2.2. Exponents and diagram automorphisms. The exponents of L are integers mi, . . . ,mi 
such that H*{L) is the free super- commutative algebra generated in degrees 2mi+l, . . . , 2mi+ 
1, where I is the rank of L. Equivalently, we can define the exponents by saying that {S*L*)^ 
is the free commutative algebra generated in degrees mi+1, . . . , m^+l. Extend the action of cr 
to S*L* by a{f){z) = f{(r~^z). This convention is chosen so that cr(ad*(x)/) = ad*(cr(a;))cr(/) 
for all / G S*L* and x E L. Let 97t be the ideal in {S*L*)^ generated by elements of degree 
greater than zero. The diagram automorphism a acts diagonalizably on the space 971/971^ 
of generators for {S*L*)'", and consequently it is possible to find homogeneous generators of 
C[Q] which are eigenvectors of a. 

Definition 2.1. Choose a set of homogeneous generators for {S*L*)^ which are eigenvec- 
tors of a. The exponents of L can be sorted into different sets m!f\ . . . ^rnf^ , a G Z^, by 

letting m!f^ + 1, . . . , rnf'' + 1 be the list of degrees of homogeneous generators of {S*L*)^ with 
eigenvalue (note the negative exponent). We call these sets the exponents of La- 

Although the above definition will be the most useful, there is a much nicer definition of 
the exponents of L^. Recall that if V is an Lg-module and {h, e, /} is a principal s[2-triple in 
Lq, then the generalized exponents of V are the eigenvalues of /i/2 on the subspace V^o fixed 
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by the abelian subalgebra Lq. The generahzed exponents are always non- negative integers, 
and the dimension of V^o is equal to the dimension of the zero weight space of V. 

Proposition 2.2. The exponents of La are the generalized exponents of La as an Lo-module. 

The proof of Proposition 12.21 will be given in Subsection 14.41 The generalized exponents 
of Lq are the same as the ordinary exponents (also see Corollary 14.211) . and Iq is the rank of 
Lq, so there is no conflict in our terminology. In general la is the dimension of f) n L^. If L 
is simple, then k is either 1 or 2, except when L = so (8) in which case k can be 3 and Li 
is isomorphic to L2. As a result, the exponents of La are the same as the exponents of 
A principal s[2-triple in Lq is also principal in L (again, see subsection 14. 4p . so L*^ is abelian 

and hence La° = La, simplifying the definition of generalized exponents in this case. The 
eigenvalues oi h/2 give a principal grading = La^ of each La such that L = 0. 0^ La^ 
is a principal grading for L. The representation theory of SI2 then implies: 

Corollary 2.3. The multiplicity of m in the list of exponents of La is dimLi™'^ — dim Li'"'''"^^ 
where = La ^ is a principal grading. 

The exponents of La can be easily determined when L is simple. The possibilities for 
k = 2 are given in the following table. 



Type of L 


Type of Lq 


Exponents of Lq 


Exponents of Li 




Bn 


1,3, ...,2n-l 


2,4, ...,2n 


A-2n-l 


Cn 


1,3, ...,2n- 1 


2,4, ...,2n-2 


Dn 


Bn-l 


1,3, ...,2n-3 


n — 1 


Eg 


F4 


1,5,7,11 


4,8 



When k = 3, L has type D4, Lq has type G2, the exponents of Lq are 1, 5, and the exponent 
for Li, L2 is 3. 

2.3. Cohomology of superpolynomials in a standard parahoric. Let p = {/ G : 

/(O) G po} be a parahoric in a twisted loop algebra q, and let p[s] denote the superpolynomial 
algebra in one odd variable with values in p. The cohomology of the super Lie algebra p[s] 
can be calculated as in the ordinary case using the Koszul complex, so any grading on 
p[s] induces a grading on H*^^{p[s]). In particular H*^^{p[s]) is graded by z-degree and by 
s-degree. 

Theorem 2.4. Let rnf \ . . . , rnf^ denote the exponents of La, and let ri, . . . , ri^ denote the 
exponents of the reductive algebra po npo, where po is a parabolic in Lq. If p is the standard 
parahoric {/ G L[[z]]'^ : /(O) G po} then the cohomology ring H*^g{p[s]) is a free super- 
commutative algebra generated in degrees given in the following table: 



Index set 


Cohomological degree 


s- degree 


z- degree 


i = l,...,lo 


2ri + l 








i = l,...,lQ 


Ti + l 


r, + l 





n > 1, a = 0, . . . , k — 1, i = 1, . . . , l-a 


m^r^^ + 1 


mj-'^) + 1 


kn — a 


n > 1, a = 0, . . . , k — 1, i = 1, . . . , l^a 


m^'') + 1 


i-a) 

ml 


kn — a 
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Proof. Since the bracket of p[s] is zero on the odd component, the Koszul complex for p[s] re- 
duces to the Koszul complex for p with coefficients in S*p*. Thus there is a ring isomorphism 
HctsiPi^]) — H*ts{p; S*p*) in which S'^p*) corresponds to the cohomology classes in 

iJ2^(p[s]) of s-degree q. This isomorphism preserves 2;-degree. 

The degree zero component of p is go = Po H po, a reductive algebra which is the quotient 
of p by the standard nilpotent subalgebra u. It follows from the Hochschild-Serre spectral 
sequence (in particular Theorem 12 of |HS53] ) that there is a ring isomorphism 

HUP; S*P*) = H*igo) ® H:,^ip,go; S*p*)- 
Thus Theorem 12.41 follows from Theorem 12.51 which describes the relative cohomology. □ 

The Hochschild-Serre spectral sequence implies that H*{po[s]) = H*{qo) (g) {S*QQy°, where 
00 = Po n pQ. Thus iJ*(po[s]) is isomorphic to the subalgebra of H*^g{p[s]) of 2;-degree zero; 
the inclusion is the pullback map given by evaluation at zero (see Theorem I2.5p . Replac- 
ing L[z,sY with the parahoric changes the cohomology to H*^g{p[s]) = H*{Pq[s]) ®h*(LoW) 
H*^^{L[z, sY). The algebra H^g(L[z, s]y can be more concisely described as the free super- 
commutative algebra with generators in tensor degree 2m •''^ + 1 and 2'm["'^ + 2, and 2;-degree 
nk + a, for a = 0, k — 1, i = 1, ... ,la, and n > 0. 

2.4. Explicit description of cocycles for relative cohomology. The proof of Theorem 
12.41 depends on calculating the cohomology ring H*^g{p, Qq; 5'*p*), where go = Po H po. In this 
case we can give not only a description of the cohomology ring, but an explicit description of 
a generating set of cocycles. Choose a set of generators , a G Z^, i = 1, . . . , /a for (SL*)* 
such that J" is an eigenvector of a with eigenvalue Also choose a set of homogeneous 
generators -Ri, . . . , Ri^ for (5'*go)®°. 

The polynomial functions on L induce functions : L[[z]] — t- C[[2;]], and the coefficients 
of in restrict to p- invariant polynomial functions on p. Similarly, the polynomials 
Ri on po can be pulled back via the quotient map p — )■ go to p-invariant polynomials on p. 
Finally, 1-cocycles can be constructed as follows. If J is a derivation of p that kills go and 
G S''p* is p-invariant then the tensor 

(4) u ® 5''''""^p — )■ C : a; ® Si o . . . o s^-i (f){Jx o si o • ■ ■ o Sfc_i). 

is a cocycle (see Lemma [3. ip . 

Theorem 2.5. Let p be a standard parahoric in q, and let J be the derivation from Theorem 
\3.3l Then there is a metric on the Koszul complex such that the harmonic cocycles for 
^ctsiPy 0o; 5'*p*) form a free supercommutative ring generated by the cocycles in the following 
table: 



Cocycle description 


Index set 


Coh. deg. 


Sym. deg 


z-deg. 


Rr 


i = l,...,lo 





deg Ri 







n>l, i = 1,. . .,l_a 
a = 0, . . . , k — 1 





deg ir 


kn — a 


x^s^ [z'^"-"]]7"(Ja; o s) 


n > 1, i = 1, . . .,l_a, 
a = 0, . . . , k — 1 


1 


deg Jr° - 1 


kn — a 



Proving Theorem 12.51 is the main concern of Sections |3] and |H 
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We can also ask for an explicit description of the relative cohomology groups H^g{p, go; 5**11*). 
In this case, we can only provide an answer when p is an Iwahori subalgebra — that is, a stan- 
dard parahoric {/ G -^^[[-2]]°^ : /(O) G po} where po is a Borel subalgebra. 

Theorem 2.6. Let b be an Iwahori subalgebra of g, and let n be the nilpotent subalgebra. 
Let J be the derivation from Theorem \3.3[ Then there is a metric on the Koszul complex 

such that the harmonic cocycles for H*^^ ^b, f)o; S**!!* j form a free supercommutative ring 

generated by the cocycles in the following table: 



Cocycle description 


Index set 


Coh. deg. 


Sym. deg 


z-deg. 




n>l, i = 1,. . .,l_a 
a = 0, . . . , k — 1 





deg/r 


kn — a 


x^s^ [z'^"-"]/7"(Jx s) 


n>l, i = 1, . . .,l_a, 
a = 0, . . . , k — 1 


1 


deg Jr-^- 1 


kn — a 



As with Theorem 12. 4[ Theorem 12.61 can be used to calculate H*^^ \ h]S*nj. With an 

appropriate degree shift, the cohomology ring H*^^ {h, f); S*x\^ can also be regarded as the 
f)-invariant part of if*(^(n[s]). The proof of Theorem 12.61 will be completed in Subsection 16.21 



2.5. Cohomology of the truncated algebra. If is a multiple of k then z^ L[zY is a 
subset of L[zY , and hence z^p is an ideal of p. Theorem 12.51 can be used to determine the 
cohomology of the finite-dimensional Lie algebra p/2;^p. 

Restriction to go makes (5'go)^° into a (SLq)^" algebra. Let W{Lq) be the Weyl group of 
Lq, and W{go) the subgroup which is the Weyl group of go. 

Definition 2.7. Let R(Lo,go) denote the graded algebra which is the quotient of {S*QqY° by 
the ideal generated by {S^°Lq)^°. Equivalently R(Lo,go) is the quotient of {S*\]l)^^^°^ by the 
ideal generated by (5>°f)*)^(^o). 

For example R(-Lo) -^0) = 'C, while at the other extreme R(-Lo, f)o) is the well-known coin- 
variant algebra of the Weyl group W{Lq) acting on f}o- general R(Lo,go) is subalgebra 
of Vr(go) invariants in the coinvariant algebra. (5'*go)^° is a free (S'*LQ)-^o-module (see 
Lemma [5. 4p . so it follows that the Poincare series for R(Lo,go) with the symmetric grading 

is Y]!i=i{^~^^'^'^)~'^ n!li ~ ^^"^ ' ^^^^^ "^i^ refers to the exponents of Lq and refers 

to the exponents of go. The dimension of R(Lo,go) is |W^(-Lo)|/|Vr(go)|- 

Theorem 2.8. Let m^i \ . . . , mj"'' denote the exponents of La, and let ri, . . . , ri^ be the expo- 
nents of the reductive Lie algebra po Hpo- Let R(Lo,go) denote the coinvariant algebra, with 
a cohomological grading (resp. z-grading) defined by setting the cohomological degree (resp. 
z-degree) to twice (resp. N times) the symmetric degree. 

If p is the standard parahoric {/ G -^^[[2]]'^ : /(O) G po} and N is a multiple of k then the 
cohomology algebra H*{p/z^p) is isomorphic to R(Lo,go) ® A, where A is the free super- 
commutative algebra generated in degrees given by the following table: 
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Index set 


Cohomological degree 


z- degree 


i = l,...,lo 


2ri + 1 





a = 0, . . . ,k — 1, i = 1, . . . ,la, < nk + a < N 


2mf ^ + 1 


Nrnf'' + nk + a 


Proof. As in the proof of Theorem \2.4\ we have 








if*(p/^^p,go), 





so we only need to compute the relative cohomology. This will be done with a spectral 
sequence argument in Section [S] (see Proposition 15.61) . □ 

When the parabolic component is trivial, H* (^L[zY / z'^') is simply the free super-commutative 
algebra with one set of generators in cohomological degree 2mf'^ + 1 and z-degree for 
i = l,...,/o, and another set of generators in cohomological degree 2m\"'^ + 1 and z- 
degree Nrnf^ + nk + a, where a = 0, . . . , k — 1, i = l,...,la, and n such that < 
nk + a < N. Theorem 12.81 can be restated as saying that H*{p/z'^p) is the algebra 
H*{go)^R{Lo,go) ®h.(Lo) H*{L[zf /z'')._ 

A classic theorem of Borel states that R.{Lq, go) is isomorphic to the cohomology ring of 
the generalized flag variety corresponding to the pair (Lo,po) ( |Bo53] . see Theorem 5.5 of 
|BGG73] for the parabolic case), with cohomological degree equal to twice the symmetric 
degree on R. The cohomology ring of the generalized flag variety is in turn isomorphic to the 
relative Lie algebra cohomology ring iJ*(Lo,go)EI Theorem 12.81 actually generalizes Borel's 
theorem: if g is untwisted then Theorem 12.81 states that H*{p/ zp, Qq) = R(Lo,go), while 
we we show directly in Lemma EH that H*{p/zp, Qq) is isomorphic to if*(Lo,go)- In this 
case the 2;-grading on H*{p/zp, go) is half the cohomological grading, and corresponds to the 
holomorphic grading appearing in the Hodge decomposition. 

The point of view of Borel's theorem is useful to compare to more general truncations. If 
P{z) is a polynomial in z, then P{z^)L[zY is a subset of L[zY , and hence P{z^)p is an ideal 
of p. We can assume that P is monic, and write P = z'^ + Pq, where d is the degree of P 
and Pq contains lower degree terms. Suppose x G Li for i > 0. Then {z'^'^ + Po{z'^))xz'^ is in 
P{z^)p if and only if either i > or a; G po- So the degree of p/P{z'')p is d ■ dimL. 

Lemma 2.9. If P and Q are coprime then p/P{z'')Q{z^)p = p/P(z^)p © p/Q{z^)p. 

Thus the study of p/P{z^)p reduces to the case that P is the power of a linear factor. 
In the untwisted case, L[z] = L[z — a], so L[z\/{z — a)^ = L\z\lz^ . However, in the 
twisted case this argument does not apply, since the automorphism z ^ q~^z is different 
from z — a ^ — a). In particular: 

Lemma 2.10. If a ^ then p/{z^ — a)p is isomorphic to L. 

Proof. Let /3 be a fcth root of a. Then evaluation at /3 defines a morphism p/{z^ L. 
Both L and p/{z'' — a)p have the same dimension, so we just need to show that this map 
is onto. Given x G L, write x = J2i=o where Xi G Li. Let / = '^i^i Xi(3~'^z^ + x^a'^z^. 
Then /(/3) =x. □ 

The main case of interest is p/ {z^ — t)p., which can be regarded as a deformation of p/ z^p. 
Since z^/'^ — t splits into N/k coprime linear factors, the algebra p/{z^ ~'t)p is isomorphic to 



We have used the notation R(Lo,go) in favour of H*{Lq,Qq) to avoid confusion about z-gradings. 
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j^(BN/k t 7^ 0. At t = 0, the algebra p/ z^p has a large nilpotent ideal. Ignoring 2;-degrees, 
TheoremESltells us that H* {L[zY / z^) = so the cohomology of L[z]'^/(z^-t) is 

independent of the value of t. On the other hand, Theorem 12 .81 tell us that H* (^p/{z^ — t)p) 
changes from H*{L)®^/^ to H*{qq) ® H*{Lq,Qq) ®h*{Lo)H*{L)'^^/'' as t degenerates to zero, 
where H*{Lq) acts on H*{go) via pullback. Interestingly, the cohomology of p/z^{z^ — t)p 
is unchanged as t degenerates to zero. 

If p = b is an Iwahori and n is the nilpotent subalgebra, then a similar analysis can be 
performed for b /z^n. In this case, no anomalous factor appears, so we can determine the 
full ring structure. 

Theorem 2.11. Let irt{ \ . . . , mf^ denote the exponents of La, let b he an Iwahori subalgebra 
of the twisted loop algebra g, and let n be the nilpotent subalgebra. Then H*{b / z^n) is the free 
super- commutative algebra with a generator in cohomological degree 2rrif'' + 1 and z-degree 

Nrnf^ + nk + a for every a = 0, . . . , k — 1, i = 1, . . . ,la, and n such that < nk + a < N , 
as well as /q generators of cohomological degree 1 and z-degree 0. 

The proof of Theorem 12.111 follows from the Hochschild-Serre spectral sequence and Propo- 
sition [5l8l If -P(^) is a polynomial of degree d, then b /P{z'')n has dimension d ■ dimL + Iq. 
Furthermore, [b, P(z'^)f)o] is contained in P{z'^)n, and there is a morphism b/P{z'')n — ^ 
b / P{z^) b with kernel P(z'^)P)o, so b /P{z^)xi is a central extension of b / P{z'^)p of rank Iq. 

Lemma 2.12. If t ^ then b /{z^ — t)n is isomorphic to L®^^'^ © C'°, where the second 
summand is abelian. 

Proof, b /{z^ — t) b is isomorphic to the direct sum of N/k copies of L. If L is semisimple, 
then so is b / {z^ — t) b, so all central extensions are trivial. The reductive case reduces to 
the semisimple case by splitting off the centre. □ 

Thus, disregarding z-gradings, H* (b /{z'^ — t)v\) is independent of t. 

2.6. The Macdonald constant term identity. Theorem 12.81 can be used to prove the 
affine version of Macdonald's constant term conjecture. If d = a + n(5 is an affine root, 
for a a weight of Lq, set e" = g~"'e". In a slight abuse of notation, the operator [e*^] will 
denote the sum of the e"^ terms, ie. it is C(g)-linear. Let 5* denote the dual element to 5. 
The following theorem is Conjecture 3.3 of |Ma82j . and was proven for all root systems by 
Cherednik pl95] . 

Theorem 2.13 (Cherednik). Let N be a multiple of k, and let be the set of real root^ 
a-\-n6 of the twisted loop algebra q with < n < N , such that a is a positive (resp. negative) 
root of Lo if n = (resp. n = N). Let p be the element of [)o such that ai{p) = 1 for all 
simple roots ai, . . . , a/p of Lq, and let pn = —Np + 6* . Then 

[e°] n(i-o= n - ^i^'-^'^Y"', 

where e(a) is the sign ofa{pj\f). 

Define a shifted g-binomial coefficent for a G and multiples N,M oi k by 
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(m) = n n d-^r'' 

V / k,a N-M<i<N 0<i<M 

i=a mod k i=a mod k 

The right-hand side of Theorem 12.131 can be simphfied by extending an idea of |Ma82j from 
the untwisted case. 

Lemma 2.14. The identity of Theorem \2.1'^ is equivalent to 

(5) (^"ind-o^nnr^C^'* 

ag5]v agZfe i=l ^ ^ 

Proof. Let be the set of weights of the Lg-module L^, and let denote the subset 
of a G A(j such that a{p) > 0. If 6' is an arbitrary function from positive integers to a 
multiphcative group, then 

if. oMp)) il 0(1) ■ 

To prove this, note that the eigenvalues of p on La are integers giving the principal grading 
of La, so the identity follows immediately from Corollary 12.31 by comparing the number of 
times 9{m) occurs on the top versus the bottom. 
Define 

Aa= u (1 - g'"(^-)r'"^ 

a&Aa 

and set O^aim) = (1 - - g^'"-'^-'^) ... (1 - gNm-N+k-a^^^ aeZk represented by 

one of 0, . . . , — 1. Then 

N/k-l N/k 
aGA+ "■=0 ^1=1 

while if a 7^ we have 

N/k-l 

Aa= Y[ n ~ qNa{p)-nk-ay'^ ^Na(p)+nk+a^ _ 

In both cases, 

A = n 0-aHp))-'ea{a{p) + l). 

Even if —a and a are not congruent. La and L^a are still isomorphic, so 

AaA.a= n d~a{a{p))-'ea{a{p) + l)ea{a{p))-'e_aia{p) + l). 

Hence the right hand side of Theorem 12.131 is equal to 

a=0 agZfe j=l ^ 
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as required. □ 

Let C* be a chain complex with an additional grading C* = 0C*. The weighted Euler 
characteristic of C* is 

x(C*;g) = 5^(-irdimQg". 

n,i 

As in the unweighted case, the Euler characteristic is invariant under taking homology. Let 
p = {/ G -^^[[-z]]'^ : /(O) G po} be a standard parahoric and 0o = Po H po. Theorem 12.131 can 
be proved by comparing the 2;-weighted Euler characteristic for the Koszul complex of the 
pair (p/z^p,0o) with the weighted Euler characteristic of the cohomology ring: 

Proof. Write po = 0o ©iio, for Uq the nilpotent radical. Let K he a. compact subgroup acting 
on L with complexified Lie algebra go, and let T be a maximal torus in K with complexified 
Lie algebra f}o. Let 7r„ denote the respresentation of K on Ln, and let and denote the 
representation of K on Uq and Uq respectively. The weighted Euler characteristic of the 
Koszul complex is 

x(g) = $^(-l)Ydim(/\(p/^^p)' 
By orthogonality of traces of representations with respect to Haar measure, 

Xiq) = j det(l - (t){k)) det(l - q^^{k)) JJ det(l - g"7r„(A;))dfc. 

^ 0<n<N 

The integrand is conjugation invariant, so by the Weyl integral formula. 



^^^^ \W{qo)\ 



^ / det(l - 0(t)) det(l - g^0(t)) TT det(l - g"7r„(t)) TT (1 - e"W)rf^ 

o<n<N Jam 

n (i-o-<f, 



where A (go) is the root system of go and 

$= Y[ (l-e-")-^(l-g^e°)-i JJ (l-e-°) ]]_ {1 - q'^Y" 

aeA+(0o) a&SN 0<n<N 

(note that the inverses divide into the other multiplicands). The coefficient of q^ in $ is (up 
to sign) the character of a go-module, so $ is W{qo) invariant. Now we make use of the 
identity 

/ ^ 11 l _ ^wa ~ 1 1 I _ qN 

found in |Ma82] |Ma72j to get 

1 '° 1 _ 1 _ n^^-^a 
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Since the action of PF(go) does not change the constant term, this last sum gives 

i=l 0<n<Af ag5]v 

On the other hand, Theorem 12.81 imphes 

i=l 0<n<N i=l 

Identifying these two equations gives the identity of Lemma I2.14[ □ 

The 2;-weighted Euler characteristic identity for H*{b /z^n, {)o), where b is an Iwahori, is 
similarly equivalent to the identity of Lemma [2 .141 (in this case the two identities are directly 
equivalent). 

3. The Lapalacian calculation and the set of harmonic forms 

As in the overview, let p be a parahoric (not necessarily standard) in the twisted loop 
algebra g, and Uq the corresponding nilpotent. Choose a homogeneous basis {zk} for u, 
and let {z''} be the dual basis of u*. Let (V^, vr) be a p-module. The Koszul complex for 
i?*j^(p,0o; y) is the chain complex (C"',(?) defined by 

. 30 



and 



fc>i 

If is given a positive-definite Hermitian form then the cohomology H* can be identified 
with the set kerD of harmonic forms, where □ = dd* + d*d. The goal of this section is to 
calculate kerD for V = S*p* and V = S*u*, in a metric that we will introduce. 

Lemma 3.1. Let V be an p-module, and J a derivation of p which annihilates Qq. If 
(p G /\'^ ii* <^V is p-invariant then 

(6) Xi A • ■ ■ A Xfe H- (f)[Jxi, . . . , Jxk) 

is a cocycle in C^(p,go; V). 

Proof. Let / be the cochain constructed as in equation ([6]). Then 

{df){xo, ...,Xk) = ^(-l)^+-'7([xi, Xj],..., Xj, ...) + ^(-l)^Xi/(. ..,Xi,...) 

i<j i 

= ^(-l)^+^0( J[x,, X,], Jxo, . . .) + ^(-l)^x,0( Jxo, . . .) 

i<j i 

= ^(-1)* {ad\xi)(f)) {Jxq, ...,Xi,...) + ^{-iyXi(f){Jxo, ...,Xi,...), 

i i 

where the last equality follows from the fact that J is a derivation. If is p-invariant then 
the last line is zero, so / is a cocycle. That / is go-invariant is clear from the p-invariance 
and the fact that J annihilates go. □ 
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Definition 3.2. A linear function / : p — )■ u defines a contraction operator 

p p-i 
i{f) : /\ u* ® S'^p* ^ /\u® S'^+'p*. 

A cochain w G /\* u* 5"*^* is u-basic if L{f)uj = for all f of the form y [x,y], x & ix. 

The main theorem of this section allows us to identify H*^g{p,Qo; S*p*) with the ring of 
u-basic p-invariant cochains. 

Theorem 3.3. Let p be a parahoric in a twisted loop algebra q and let u be the nilpotent 
subalgebra. Then there is a positive- definite Hermitian form on C* = C*{p, Qq] S*p*) and 
a derivation J of p such that the harmonic forms in C* are closed under multiplication, 
and furthermore the map in Lemma \3. 1\ gives an isomorphism between the ring of u-basic 
p-invariant elements of /\* u* S'*p* and the ring of harmonic forms. 

Before proceeding to the proof, we note that Theorem 13.31 can be rephrased in a geometric 
manner. Let V and Af be pro-Lie groups with Lie algebras p and u respectively. The space 
p / 0„>fc Qn has the structure of an affine variety, so the pro-algebra p can be regarded as a 
pro- variety, with coordinate ring S*p*. 

Definition 3.4. The tangent space Tp is isomorphic to p x p. Let T>op denote the subbundle 
of Tp isomorphic to p x u, and T^oP continuous dual bundle o/T>o- Let fi>oP denote 
the ring of global sections o/T*gp. 

The bundle T>op contains all tangents to M -orbits. We will say that an element of QZ^Qp 
is A/'-basic if it vanishes on all tangents to M -orbits. 

With this terminology, we can identify the ring of u-basic p-invariant cochains with the 
ring of P-invariant A/'-basic elements of f2>oP- 

Although Theorem 13.31 covers the main case of interest, a more natural result occurs if 
5'*p* is replaced with S*u . An element uj of /\* u* ® S*u is p-basic if L{f)uj = for all linear 
endomorphisms / of u of the form y i— )■ [x, y], x G p. 

Theorem 3.5. Let p be a parahoric in a twisted loop algebra q, and let u be the nilpo- 
tent subalgebra. Then there is a positive- definite Hermitian form on C*(p, go; 5**11*) and a 
derivation J (the same as in Theorem \3. 3\) such that the harmonic forms are closed under 
multiplication, and furthermore the map of Lemma \3.1\ gives an isomorphism between the 
ring of p-basic and invariant elements of /\* ii* ® S*vi* and the ring of harmonic forms. 

In geometric language, the ring of p-basic and invariant cochains is the same as the ring 
of P-basic and invariant algebraic forms on u. 

For the proofs of Theorems 13.31 and 13.51 we assume that the underlying Lie algebra L 
is semisimple, as this simplifies our Kahler metric construction. If L is reductive then 
L = [L, L] ©3, where 3 is the centre, and consequently g = [g, g] ©3 [2;^"^]. It is easy to deduce 
the reductive case of Theorems 13.31 and 13.51 from the semisimple case by splitting off the 
centre (for instance we can extend J to be the identity on 3 [-2]). The proof we give actually 
holds in more generality. Let g be a Z-graded Lie algebra (such that dimg„ < -\-oo for all n) 
with a conjugation (an anti-linear automorphism sending g„ Q-n) and a contragradient 
positive-definite Hermitian form (satisfying g„ _L g^ for m ^ n). Let b = 0„>oSn and 
u = 0„>o fl'^- Notice that u = g/ b is an b-module. If u'' = C@ then Theorems 13.31 and 13.51 
hold for C*(b,go;5*b*) and C*(b, go; S*u*). 



'This is the condition that does not hold if L has centre. 



TWISTED STRONG MACDONALD THEOREMS AND ADJOINT ORBITS 



15 



3.1. Nakano's identity and the semi-infinite chain complex. For the purposes of this 
section, let g be a Z-graded Lie algebra with a conjugation, as in the last paragraph of the 
previous section (this time a contragradient metric is not required). Let b and u be the 
subalgebras 0„>o Qn and 0„>o 0" respectively. These working assumptions are based on 
the standard conventions in semi-infinite cohomology, see e.g. |FGZ86] . In this section we 
state a version of Nakano's identity for the relative cohomology of (b,go). This version of 
Nakano's identity is a straight-forward generalization of a version for loop groups due to 
Teleman fMS] . 

Let be a locally finite b-module, such that the action of go extends to an action of 
the complex conjugate b. Both the b and the b action will be denoted by vr. The relative 
semi-infinite chain complex with coefficients in is a bicomplex C*'*{V) defined by 

/ q p \ go 

There are truncated actions of u on u = g/b and of u on u = g/ b. Both will be denoted by 
ad. The bicomplex C*'* has two differentials d and D, of degrees (0, 1) and (1, 0) respectively. 
d is the differential for the Lie algebra cohomology of (b,go) with coefficients in /\*u® V, 
and can be explicitly defined as 

+ 7r(2;fc) , 

k>0 ^ ^ 

where {-2a;}a;>i is a homogeneous basis of u as before and e is exterior multiplication. D is 
the differential for the Lie algebra homology of u with coefficients in /\'^ ii* (8> V, restricted to 
the go = b/u invariants. D can be explicitly defined as 

Q ad(zfc) + ad(zfc) + 7r(zfc) j l{z''), 

where Z-k = ^ and l is the contraction operator on /\* u. Note that l is extended to C*'*{V) 
so as to respect super-commutativity, so t{f)a ^ f3 = {—l^a Cg) ® for a G /\'^ u*, 
/3 e /\*u, and v eV. 

Let d be the total differential d = d + D. A standard fact from semi- infinite cohomology 
is that d'^ = e(7), where 7 is the the semi-infinite cocycle defined by 7|g„xg„ = Oifm + nj^O 
or m = n = 0, and otherwise by 

0<n<fc 

for X E Qk, y ^ d-k, and A; > 0. Since 7 has type (1, 1), the operator 6(7) on C*'* should be 
interpreted in the semi-infinite sense, wherein e{z^ A z~'') = e(z'^)i(2;~'), for k,l > 0. 

Definition 3.6. A Kahler metric for the pair (b, go) is a Hermitian form (, ) on g such that 

• (, ) is positive- definite on u and zero on go, 

• {[x, y],z) = -{y, [x, z]) for all x G go, and 

• the fundamental form u G u* 011* C A^0* defined by uj{a,b) = —i{a,b) for a G u, 
b is a cocycle. 



16 



WILLIAM SLOFSTRA 



Note that we can define a Kahler metric by giving the the restricted Hermitian form on u 
and then extending to q by zero on go and by {a,b) = (a, b) for a,b E u. 

Suppose that there is a Kahler metric for the (b,go)- Let L denote muhiphcation by the 
fundamental form cj, defined explicitly as 

k>l 

where the basis {z^} is now required to be orthonormal in the Kahler metric. Let A = L* be 
the adjoint of L on the complex C*'*(C) with trivial coefficients, extended by ®1 on C*'*{V). 
Letting H = [A,L], it is not hard to check that {H,A,L} is an s[2-triple, and that H acts 
on C~P'^ hj p — q (in other words, if the degree of C"^''' is defined to be g — p then H acts by 
— deg). This s[2-action is used in Hodge theory to prove Nakano's identity. Teleman adapted 
this proof to give an algebraic version of Nakano's identity for the loop algebra |Te95] . More 
generally, the same proof gives: 

Proposition 3.7 (Nakano's identity). Suppose there is a Kahler metric for (b,go)j O'lT'd 
V has a contragradient positive- definite Hermitian form. Then in the induced metric on 
C*'*{V) we have 

□ = □ + z[e(7 + e),A], 

where □ is the d-Laplacian, □ is the D-Laplacian, 7 is the semi-infinite cocycle, and G is 
the curvature form 

On restricting to p = 0, the complex {C^''^{V), d) becomes the Koszul complex for the Lie 
algebra cohomology of the pair (b,go) with coefficients in V. The curvature term z[e(B),A] 
is straight-forwardly shown to be 

(7) - J2 M^i)^ ^(^-i)] - ^([^«. ^-j])) 

on C°''^(y), where {zi} is a homogeneous basis orthonormal in the Kahler metric. 

3.2. Kahler metrics for parahorics and the derivation J. Now we return to the case of 
a parahoric p in a twisted loop algebra g. Recall that p = 0„>o 0n for some grading of type 
d, and that for the purposes of the proof we are assuming that L is semisimple. Consequently 
there is a Kac-Moody algebra g associated to g, and this Kac-Moody algebra has a standard 
non-degenerate invariant symmetric bilinear form (,). The contragradient Hermitian form 
{, } on g defines a symmetric invariant bilinear form {■,"}, and this symmetric form extends 
to a scalar multiple of the standard invariant form on g. The twisted loop algebra g is also 
graded by the root lattice of the Kac-Moody algebra associated to g. Let p be a weight of 
the Kac-Moody defined on simple coroots by p{a^) = if di = and p(a^) = 1 if di > 
(note that the a^'s are coroots of the associated Kac-Moody, not of the twisted loop algebra 
g). Let J be the derivation of p acting on root spaces g^ as multiphcation by 2(p, a). 

Proposition 3.8. Let {, } be the contragradient positive definite Hermitian form on g, nor- 
malized to match the standard invariant form on the associated Kac-Moody. Then J is 
positive-definite and (■, ■) = {J-, ■} = {■, J-} is a Kahler metric for (p,go) with fundamental 
form ij, where 7 is the semi-infinite cocycle. 
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Proof. The only thing to prove is that (, ) has fundamental form ij. We go about the proof 
somewhat backwards: let adp denote the truncated action of p ©p on p = g/u, and define 

J' = ^adp(xfc)adp(a;fe)*, 

k>l 

where {xk}k>i is a homogeneous basis for u, orthonormal in the contragradient metric. Define 
(•, •)' = {J'-, ■}. Then J is positive-semidefinite by definition, so (, )' is a positive-semidefinite 
Hermitian form. Suppose a G 0„, 6 G Q-n', n,n' > 0, and assume without loss of generality 
that xi, . . . ,Xm is a. basis of 0i © . . . © g„. Since adp(a;fc)* = — adp(xfc) we have 

m 

(a,by = {J'a,b} = ^{[x^,a], [x^J]} 

k=l 

m n 

= ~ [«'^]]'^} = -^^"^s-ii^^^ib) ad(a)). 

fc=i 1=1 

Now trg_j(ad(6) ad(a)) = trg^_j (ad(a) ad(6)), so —i{a,by = i'j{a,b). Since 7 is a cocycle and 
{, } is contragradient, it follows that J' is a derivation. (It is possible to show that J' is a 
derivation directly but it takes a little work). 

Now p is generated by go and the root vectors Cj with di > 0. J' annihilates go, and if 
cii > then 

J'e. = i^jJ^ = 2(p,a.)e„ 

where fi = —el. It follows that J' = J, finishing the proof. □ 

More generally, if g is a Z- graded Lie algebra with conjugation and a contragradient 
positive-definite Hermitian form, then we can define a Kahler metric simply by using the 
operator J' form the proof of Proposition 13.81 The hypothesis u'' = is needed to ensure 
that the metric is positive-definite. 

3.3. Calculation of the curvature term. If S* is a linear operator u* — ?• p*, define an 
operator dR{S) on /\* u* © S*p* by 

dR{S){ai A . . . A ftfc © 6) = A . . . . . . A ® S{ai) o b. 

i 

If T is an operator p* — )■ u*, define a similar operator diiT) by 

cii(T) (a © 61 o ■ ■ ■ o ■ ■ ■ 6;) = ^ T{hi) A a 0bi o ■ ■ ■b^■ ■ ■ o bi 

i 

Recall that truncated actions are denoted by ad, with subscripts denoting the appropriate 
truncated space. By abuse of notation, let denote the inverse of the restriction of the 
derivation of Proposition 13.81 to u. We will also use to denote the dual operator on u*. 

Proposition 3.9. Let p be a parahoric subalgebra of a twisted loop algebra g. Let V = S*p* 
with the contragradient metric. The Laplacian on C*{V) with respect to the dual Kahler 
metric from Proposition \3.S\ has curvature term 

2[e(7 + e),A] = J2^R (pilix,)J-^y dji (^^l{xi)J'^^ , 

j>0 
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where {xi} is a basis for u orthonormal in the contragradient metric, and u* is considered 
as the subset of p* that is zero on go (so that adp sends u* to p*). 

' — 't 

Proof. Let R = i[e(0),A]. The action ad acts as a derivation on the symmetric algebra 
S*p*, so by Equation ([7]), i? is a second-order operator. This means that if ao, . . . , G u*, 
bo, . . . ,bi G p* then 

R{ao A • ■ ■ A afc (g) 60 o • • ■ o 6i) = (g) bj)ao ■ ■ ■ di ■ ■ ■ bj ■ ■ ■ k. 

id 

In particular, R is determined by its action on u* ® p*. 

The truncated action on V is isomorphic to the truncated action on V = S*p via the 
contragradient metric. Let R' = i[e{Qv')j M- If / G u* and w G p then we claim that 

R'if ^w) = j2 ^Ihz' ® Sp(z,)r'(/), 

i>0 

where {zi} is any homogeneous basis of u, (p is the isomorphism u — )■ u* induced by the 
Kahler metric, and u is considered as a subset of p, so that adp maps from u to p. To prove 
this, let {zi} be orthonormal with respect to the Kahler metric, and think about f = z^, w 
arbitrary. Observe that 

adp(z)w = ^y~Wz,w])y^s, 

S>1 

where {?/s}s>i is a homogeneous basis of p and y^s = Us- So if z^j G Q-m, then 

adp(2i)adp(z-j)w = ^y'^^^Zi, [z_j,w] 



S>1 



ad-^{z^j)adp{zi)w = ^y '{[zi,w])[z_j,y_ 



5>1 



= ^ 5Z ^([^-i' and 

n<0 y-aedn-m 

adp([z,, z_j])w = ^ y~'{[[zi, z-j], w])y-s- 

S>1 

Consequently 

dp(zi),adp(2;_j) - adp{[zi, z^j])^ w = ^ ^ y''{[z_j,[ 

—m<n<0 y-sGSn 

After removing the reference to m here, we get 



Zi,W 



a.d^{zi),adp{z-j] 



ad^{[zi, z^j])] w = J2J2y 'i[z-j,zi])z^{[zi,w])y^ 



Now from Equation ([7]), 



R'iz'' ® w) 



E 

i>0 



s>l 1>1 



adp(2i),adp(2;_fc) 



adp([zi,z_fc])) w 



- z'®y Wz_k,zi])z\[z,,w])y^s- 

i,l,s>0 
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Moving the w action from Zi to z\ the last expression becomes 

- ^ ad^{w)z' ® y''{\z^k, Zi])y^s = ^ad^iw)z' (g) adp{zi)z_k- 

i,s>0 i>0 

The proof of the claim is finished by noting that this last expression is independent of the 
choice of basis {zi} for u and that that = (l)~^{z^). 

Now we can translate from V to V using the isomorphism ip : p ^ p* induced by the 
contragradient form. The operator J on u has a basis {xi} of eigenvectors orthonormal in 
the contragradient metric. If Jxi = XiXi then (p{xi) = \ix\ and thus o = \^^x\ It 

follows that ip o = J^^ on u*. Next, ad^{w)i/j{x) = —ad^{x)ilj{w). Since ■ip{xi) = we 
can conclude that 

Rif (gg) = - ^ ad^{x-)g (g adp(xi) J~V, 

i>0 

where adp(xi) is regarded as a map from p* to u*. 

If S',T G End(p*), let Switch(S', T) be the second order operator on /\*p* ® S*p* sending 

a /9 I— )■ Tf3 ® Sa. Note that adp(a;j)* = — adp(xj). We have shown that R is the restriction 
of the operator 

Switch ^adp(a;j) J~^, adp(a;j)* j 

i 

to /\* u* ® S*p*, where is zero on go- It is easy to see that Switch(S', T) = dL{T)dfi(S) — 
{TS)^, where (TS)^ is the operator TS extended to A* P* a derivation. Also, diiT)* = 
dii{T*J~^), where T* is the adjoint of T in the contragradient metric. Note that the 
term comes from the difference between the contragradient metric on the symmetric factor 
and the Kahler metric on the exterior factor. Finally we have 

R = ^dii (^adp(xi)J"^j dji (^adp(xi)J"^j + ^ (^adp(x7)adp(xj) J"^ j . 

i i 
— 't ■ — 't 

Now adp(xj)adp(xj) is the negative of the dual of the derivation J on u, while J~ is the 
dual of the inverse of J. Thus on /\* u*, this second summand is simply — deg. But since we 
have chosen a Kahler metric with fundamental form ^7, we have 2[e(7), A] = [L,A] = —H = 
deg, finishing the proof of the Proposition. □ 

Similarly, given endomorphisms S and T of u* we can define operators d{i{S) and dL{T) 
on f\*u ^S*u. 

Proposition 3.10. Let p be a parahoric subalgebra of a twisted loop algebra q, and let u be 

the nilpotent subalgebra. Let V = S*u* with the contragradient metric. The Laplacian on 
C*{V) with respect to the dual Kahler metric from Proposition \3.S\ has curvature term 

z[e(7 + e),A] = ^c/r (^l{yi)J~^y dn (ad[{yi)J-^^ , 

i>0 

where {yi}i>o is a basis for p orthonormal in the contragradient metric. 

The proof of Proposition 13.101 is similar to the proof of Proposition 13.91 A proof of the 
analogous result for symmetrizable Kac-Moody algebras with the principal grading can be 
found in pITo] . 
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3.4. Proof of Theorems 13.31 and 13.51 Once again let J denote the operator on u* which is 
the dual of the derivation J on u. We give a proof of Theorem 13. 3j the proof of Theorem 13.51 
is identical. Let Ja denote the diagonal extension of J to the exterior factor of /\* u* ® S*p* . 

The adjoint of adj,(x) in the Kahler metric is — Jadu(x) J~^. Thus we can directly calculate 
that 

i<0 

where {xj} is a basis of u orthonormal in the contragradient metric and x_j = Tl. On 
C°''^(K) the D-Laplacian is □ = DD*, so the set of harmonic cocycles is the joint kernel of 

the operators D* above and dji ^adp(xj) J^^ j , i > 1. The kernel of D* on C^''^(y) is the 

/ - — t \ ^ ^ — t 

joint kernel of the operators ( Jad^{xi)J^^ j + adp(xi)'^^™, i > 1. Now we have 

dji ^adp(xj) J^^j Ja = JAd^. (^adp(xj)j and 

(^(jS*(a;,) J-i)"" + ^l{x,)'y^^ Ja = Ja + ^'(x,)^^'") . 

Thus we see that J^^ identifies the set of harmonic cocycles with the joint kernels of the 

operators ^adp(xi)j, ^ > 1, and ^ad^(a;j)^ + adp(a;j)'^^'" j , i > 1. Since the elements of 

C^''^{V) are go-invariant by definition, the kernel of the latter family of operators is the set 
of p-invariant cochains. The kernel of the former family of operators is the set of u-basic 
cochains, finishing the proof. 

4. Adjoint orbits and basic invariant forms 

The point of this section is to prove Theorem 12. 5[ Accordingly, in this section p = {/ G 
L[zY '■ /(O) G po} will be a standard parahoric of a twisted loop algebra q = Llz'^^Y . As per 
the previous section, we want to determine the ring of invariant and basic elements of f^>oP- 
To do this, we need to extend two well-known results on the orbit structure of the adjoint 
representation of a reductive Lie algebra to the case of a standard parahoric. The results 
we are interested in extending are the slice theorem for regular-semisimple orbits (addressed 
in subsection 14. 3p and part of the Kostant slice theorem for regular orbits (addressed in 
subsection 14. 4p . Theorem 12.51 will be proved in subsection 14. 5[ 

Before we start, we cover some basic notations and facts. Let G be a connected algebraic 
group with Lie algebra L such that the diagram automorphism a lifts to G. The connected 
pro-algebraic subgroup of G'[[z]]'^ corresponding to p will be denoted by V, and J\f will be 
the pro-nilpotent radical of V. Let Q be the GIT quotient L//G, defined as the affine 
variety with coordinate ring C[Q] = {S*L*)^ = {S*L*)^. Recall that C[Q] is a free algebra 
generated by homogeneous elements in degrees mi + 1, . . . , m; + 1, where I is the rank of L 
and nil, ■ ■ ■ are the exponents. Since C[Q] has generators which are eigenvectors of a, it 
is possible to define a linear action of a on Q so that the projection L — )■ Q is a-equivariant. 

Let Vq C G he the connected subgroup corresponding to po and let R = po//Po- Let 
00 = PoHpo be the reductive factor in po, and let Ai be the corresponding Levi subgroup of Vq. 
The Weyl group W{go) is isomorphic to the Weyl group of Lq generated by refiections through 
the simple roots determining po. So Vr(0o) acts by refiections on any Cartan subalgebra f)o 
of Lo, and {S*i)o)^^^°^ is a free algebra generated by homogeneous elements. The following 
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lemma is likely well-known, but is useful enough to state. Recall that po = 0o © i^O) where 
Uo is the nilpotent radical in pg. 

Lemma 4.1. If f E C[R] then f{x,y) = /(x,0) for all x E Qq, y E Uq. 

Proof. The set of regular elements [)o is dense in (iq. Since [go, a;] + f)o = 0o for any element 
X G {)o, the set A^f)o is dense in go- Let Ao be the unipotent subgroup corresponding to Uq. 
If X belongs to [)q then A/qx = x + Uq. Since A/q is normal in Vq, this property extends to 
any x E M.\)q. So if / is invariant then /(x, y) = f{n{x, 0)) = /(x, 0) for x in an open dense 
subset of po n p^. □ 

As a consequence of this lemma we have = po fl po/ /M. = i)o/ /W{qo). 
We now introduce some background material on twisted arc spaces. 

4.1. Twisted arc and jet spaces. By a variety, we mean a separated, reduced, but not 
necessarily irreducible, scheme of finite type over C. The arc space A[[z]] of a variety 
X over C is a reduced separated scheme of infinite type representing the functor Y i— 
Hom(y X Spec C[[2;]], X). Intuitively the arc space is the space of maps from the formal arc 
SpecC[[2;]] into X. The mth jet space JmA (m > 0) is a variety representing the functor 
Y 1—^ IIom(y X SpecC[z]/ z"^ , X). li m < n then there is a morphism J„X — )■ JmX, and 
X[[2;]] is the inverse limit of the jet spaces of X. The C-points of JmX are m-jets, ie. 
morphisms Spec C[z]/2;™' — )■ X. For example, JqX = X and JiX is the tangent space of X. 
If X is the affine subset of C" cut out by the equations /i = . . . = /fe = then J^A can 
be realized as the algebraic set {(xi, . . . ,x„) G {C[z]/z"^)"- : /j(xi, . . . ,x„) = 0,i = 1, . . . , k}. 
The associations V i— V[[z]] and V JmV are functorial, so if G is an algebraic group then 
JmG is an algebraic group and G[[z]] is a pro-group. 

The following well-known lemma is useful for working with jet spaces: 

Lemma 4.2 f |Mu01] ). If X Y is etale then JmX = X Xy JmY and X[[z]] = X XyY[[z]]. 

Open immersions are etale, so if f/ C A is an open subset the puUback of U via JmA — )■ A 
is equal to JmU. In particular, J^A is covered by open subsets JmU, where U G X is 
an affine open. Similarly, A[[z]] is covered by affine open subsets f/[[-2]], U C X affine 
open (the inverse limit of affine schemes is affine). If there is an etale map A — )■ A" then 
JmA = A X A*"" and A[[2;]] = A x A°°. Consequently if A is smooth of dimension n then 
JmA — )• JfcA is a (Zariski) locally-trivial A"'-'"~'')-bundle. In particular, J^A is smooth 
and the truncation morphisms Jm,A — )■ J^A are surjective. Similarly, if A is smooth then 
A[[z]] — )■ A is a locally-trivial A°°-bundle and consequently A[[z]] is smooth. 

The following lemma is likely also well-known (and follows easily from formal smoothness): 

Lemma 4.3. If X Y is smooth and surjective then the maps JmX — )■ Jm^ and A [[2;]] — )■ 
are also surjective. 

From Lemmas 14.21 and 14.31 we can deduce the following proposition: 

Proposition 4.4. If E M is an etale-locally trivial principal G -bundle then JmE JmM 
is an etale-locally trivial principal JmG-bundle. 

Proof. For — > M to be etale-locally trivial means that there is a surjective etale morphism 
U ^ M such that the puUback of E over U is isomorphic to the trivial G-bundle U x G. 
Now Jm preserves etale maps (by Lemma 14.21 and the fact that etale maps are preserved 
under base change) and thus JmU — )• JmG is etale and surjective. The proof is finished by 
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observing that preserves puUbacks (which follows from the definition of the puUback via 
the functor of points). □ 

Proposition 14.41 on jet spaces has the following corollary for arc spaces. 

Corollary 4.5. Suppose X has a free G-action such that an etale-locally trivial quotient 
X — )■ X/G exists. Then {X/G)[[z]] is isomorphic to X[[z]]/G[[z]], where this last quotient is 
the pro-variety quotient, ie. the inverse limit of the quotients JmX/JmG. 

If X — > X/G is etale-locally trivial then it is also surjective, so by Corollary 14.51 and 
Lemma [4.31 the map ^[[2;]] — > is surjective. If X is affine with a free G-action 

and G is reductive then X/G = X//G, the GIT quotient, and X — )■ X/G is etale-locally 
trivial by Luna's slice theorem |Lu73] (the theorem applies because all orbits under a free 
action are closed, see the discussion on page 53 of |Bo91] ). All the quotients we study will 
be of this type. 

Now suppose that X has an automorphism a of finite order k. This automorphism lifts 
to an automorphism a of the jet spaces Jm^ and arc space -^[[2;]]. Choose a fixed kth root 
of unity q, and let m{q) denote the automorphisms of C[z]/z"' and C^z]] induced by sending 
z I— !■ qz. 

Definition 4.6. Let a denote the automorphism aom{q)~^. The twisted arc space X[[2;]]'^ 
is the pullback 

xMf -XM] 

5-xl 

X[[z]] ^ X[[z]] X X[[z]] 

where A is the diagonal map. Twisted jet spaces are defined similarly. 

Since jet and arc spaces are separated, is a closed subscheme of X[[z]], and similarly 

{JmXy is a closed subscheme of JmX. In particular both and {JmXy are separated. 

Also, it is clear that (J^X)"" represents the functor F 1— )■ {/ G Hom(y x SpecC[z]/z"^,X) : 
fom{q) = aof} and that represents the functor F 1— {/ G Hom(F x Spec C[[z]], X) : 

/ o m{q) = a o /}. Since SpecC[[z]] is the direct limit of schemes SpecC[z]/z'^ , it follows 
immediately that X[[2;]]°" is the inverse limit of schemes (J^X)"". 

Lemma 4.7. X[[2]]°' is covered by open affines U[[z]Y , where U <Z X is an open affine such 
that a{U) = U. In particular, X[[z]]°' is reduced. 

A similar lemma holds for twisted jet spaces. 

Proof. Since X[[2;]]'^ is a closed subscheme of X[[z]], it is covered by the inverse images of 
the open subschemes U[[z]] C X[[z]], for U G X open affine. The inverse image of U[[z]] in 
X[[2;]]'^ is the same as the inverse image of (T(f/[[2;]]) = (j(f/)[[2;]]. Thus the inverse image of 
U[[z]] in X[[2r]]'^ is the same as in the inverse image of ^[[2;]], where V = U H cr{U) n . . . fl 
a^~^{U). Now (j{y) = by definition, and V is affine because X is separated. Finally, the 
pullback of V[[z\] to X[[z\f is V[[z\f. 

To finish the proof, we just need to show that if X is an affine variety then X[[2;]]'^ is affine 
and reduced. We prove this fact by repeating the construction of JmX. Namely, suppose 
C[X] = C[xi,...,a;„]/(/i,...,/fc). Then J^X is the variety {(ri,...,r„) G (C[z]/^™)" : 
/i(ri, . . . , r„) = 0,i = l,...,/c}. Let m(g) denote the map <C[z\/z^ 'C[z\/z''"' : z ^ qz. 
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Choose a lift of cr to A", and let gi = a*{xi). Then [J^Xy can be realized as the subvariety 
of satisfying the additional constraints gi{ri, . . . ,rn) = m{q)ri. Finally is an 

inverse limit of reduced affine schemes, and hence is reduced and affine. □ 

We also have the following analogue of Lemma 14.21 

Lemma 4.8. Suppose X and Y have finite-order automorphisms ax and ay- If X ^ Y is 
an etale a-equivariant map then X[[z]]"' = X" Xy<T ^[[2;]]'^, and similarly for jet spaces. 

Proof. By Lemma [4. 2[ ^[[2;]] = X Xy ^[[2;]]. The automorphism ax on ^[[z]] translates to 
the unique automorphism on the latter space which lies above ax on X, ay on F, and ay 
on The result follows from the functor of points characterisations of the twisted arc 

space and fibre product. □ 

There is one more lemma about twisted arc spaces which will come in handy. The proof 
follows immediately from the definition of tangent and arc spaces via functor of points. 

Lemma 4.9. Let cr* he the automorphism induced by a on TX . Then the tangent space of 
X[[z]Y is naturally isomorphic to {TX)[[z]]'^'' , the twisted arc space of the tangent space to 
X, and similarly for twisted jet spaces. 

4.2. Diagram automorphisms and the structure of (^[[z]]"^. We recall some basic facts 
about diagram automorphisms and the structure of L, using terminology and basic results 
from Chapter 9, Section 5 of |Ca05j . Let ()j denote the g*th eigenspace of a acting on f). By 
definition, there is a choice of simple roots such that a permutes the corresponding 

coroots and Chevalley generators Cq.. If J is an orbit the a-action on simple roots, let 
aj = jj-^ SaeJ*^- Then the set : J is an orbit of a} is a set of simple roots for Lq. 

Restriction to f)o gives an isomorphism between the subgroup (where W is the Weyl 
group of L) and the Weyl group W{Lq) of Lq. The simple generator s j of W{Lq) given by 
reflection through aj on f)o corresponds to the element of W" C W{L) which is the maximal 
element in the subgroup of W{L) generated by reflection through the simple roots in J. In 
addition, we will need: 

Lemma 4.10. If N{H) is the normalizer of H in G, then N{HY = NciH'^), the normal- 
izer of H'^ in G" . Consequently = N{HY/H" C W{L). Furthermore, the inclusion 
W{Lq) = W" W{L) is length-preserving, in the sense that if w & W" , then it is possible 
to get a reduced expression for w by first taking a reduced expression w = sj-^ - ■ ■ sj^ for w in 
W{Lq), and then replacing each sj^ with a reduced expression in W{L). 

Proof. For the first part, let p G t) be the element such that a{p) = 1 for all simple roots a 
of L. Then p is regular in [) and belongs to f)o- Any element of NciH'^) sends p to another 
regular element of f), and hence belongs to N{H). 

For the second part, we we refer to the proof of Proposition 9.17 of |Ca05j . □ 

We can use Lemma [4.101 to prove: 

Lemma 4.11. Choose a Borel subgroup B of G containing H and compatible with a and let 
X = BB be the big cell of the corresponding Bruhat decomposition. If x & G belongs to a 
Bruhat cell BwB with w G then there is g ^ N{HY such that gx G X . 

Proof. If we take for g a representative of in N{HY, then it is not hard to prove that 
gBwB CBB. □ 
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Proposition 4.12. is connected. 

Proof. The connected component (G"^)° of G"^ is a connected reductive group witli Lie algebra 
Lq. Since a permutes coroots, it is easy to see that is a connected torus, and in fact is 
a Cartan in {C^y. As in Lemma 14.1 let B he a Borel subgroup of G containing H and 
compatible with a, and let X be the corresponding big cell. If g & G" belongs to a Bruhat 
cell BwB then g G BwB fl a{BwB), so w G W^. By Lemma [4.101 every element of N{HY 
can be implemented by an element of So by Lemma [4. Ill we just need to prove that 

G" nX is contained in {G^f . 

Now as an algebraic variety, X = U x H x U, where U is the unipotent radical of B. The 
action of a on X translates to the action of a on each factor. Let u be the Lie algebra of 
U. The exponential map for nilpotent Lie algebras is bijective, so it is easy to see that If^ 
is the unipotent subgroup corresponding to the nilpotent Lie algebra u'^. In particular If^ is 
connected, and similarly with U . We conclude that X'^ = G"^ fl X is connected. □ 

Using the fact that the exponential map for pro-nilpotent Lie algebras is bijective, we 
immediately get the following corollary. 

Corollary 4.13. G'[[2;]]'^ is a connected pro- algebraic group with Lie algebra L[[z]Y . 

The following proposition will be crucial in the next section, since it proves that (G/H) [[z]Y 
is a G[ [2]] '^-homogeneous space. 

Proposition 4.14. (G'/i7)[[2;]]'^ = G'[[2;]]'^/iJ[[2;]]'^, where the latter space is the pro-group 
quotient. 

Proof. G — )■ G/H is an etale-locally trivial principal bundle, so = G'[[2;]]/if[[2;]]. 

Define a : G[[z]] G[[z]] hy g i-^ g~^a{g). There is an inclusion 
(G'[[2;]]/-?/[[2;]])'^, and to show this inclusion is surjective we need to show that every ele- 
ment of has a representative x G G[[z]] such that a{x) = e. Biregularity will 
follow from bijectivity because will then be a homogeneous space0 

Now a has a number of nice properties. First, the fibres of a are left G[[z]]°"-cosets. 
Second, g E G represents an element of if and only if a{g) G -^[[2;]]. Third, 

if C({g) G -^[[-z]] and h G -^[[2]] then a{gh) = a{g)a{h). By these last two properties, we will 
have {G[[z]]/H[[z]]f = G[[z]f / H[[z]f if and only if a{G) nH = a{H). 

Our proof depends on the Bruhat geometry of G, so pick a Borel subgroup B C G 
compatible with a. Let X = BB be the big cell. Suppose x G G[[z]] and a{x) G -^[[-z]]. 
Writing a;(0) = bowbi, we get a{x{0)) = b]^^w~^a{bo)a{w)a{bi) G H. But a(6o) £ B, so 
wB n Ba{w)B 7^ 0, and thus w belongs to . Consequently there is g^ G G" such that 
gQx{Q) G X, implying that gox G X[[2;]]. Since a[x) = a{gox) for go G we just need to 
show that a(X[[2;]]) fl -^^[[-2]] is contained in 

The space X is isomorphic to U x B via the multiplication map, where U is the unipo- 
tent subgroup of B. Thus we can write any element of X[[2;]] uniquely as a{z)b{z), where 
a{z) G U[[z]] and b{z) G Suppose a{a{z)b{z)) = h{z) G ^^[[2;]]. Since a{a{z)b{z)) = 

b{z)"^a{a{z))a{b{z)), we see that a{a{z)) = b{z)h{z)a {b{z))^^ G Since a{a{z)) G 

f/[[z]], this implies that a{a{z)) = e and consequently a{b{z)) = h{z). To finish the 
proof, observe that B = U x H via the multiplication map, where U is the unipotent 



Alternatively, it is possible to avoid working with infinite-dimensional varieties by repeating the proof 
for each respective jet space Jm- 
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subgroup of B. Writing b{z) = h'{z)h'{z) for h'{z) G U\\z\\ and h'{z) G ^^[[-z]], we get 
a{b{z)) = h' (z)^^ a{b' {z))a {h' (z)) , and hence a{b'{z)) can be written as an element of -f/^[[-2]]. 
This imphes that a{b'{z)) = e, finishing the proof, since a{h'{z)) = h{z). □ 

4.3. The regular semisimple slice. Let G L he the subset of regular semisimple 
elements. U'^ is an afiine open subset of L (its complement is the vanishing set of a single 
G-invariant function) and consequently the image of L^** in Q = L//G is open. The regular 
semisimple slice theorem states that there is a commutative square 

(8) G/HxwV 

Y/w ^Q' 

where W is the Weyl group of L and f}'" is the set of regular elements in (). The notation 
G/H Xpv- ()^ denotes the quotient of G/H x f)*" under the free action of ly = N{H)/H acting 
by right multiplication on G/H and by the adjoint action on l)*". Both horizontal maps 
are isomorphisms. The top horizontal map is given by multiplication, while the bottom 
horizontal map is given by restriction to 1). 

Applying the arc space functor to the above diagram gives a slice theorem for 
The purpose of this section is to extend this slice theorem to arbitrary parahorics. We start 
by observing that there is a similar slice theorem for parabolics. Recall that the parahoric 
p = {x G g[z] : x(0) G po} for some parabolic po C Lq. The image K^^ of po fl L^^ in R is 
open, since it's complement is the zero set of a single "Po-invariant function. The following 
lemma is likely well-known; we give a proof using ideas that will apply in the parahoric case. 

Lemma 4.15. There is a commutative diagram 



in which both horizontal maps are isomorphisms. The top horizontal map is induced by 
multiplication, while the bottom horizontal map is induced by the projection [)o — > R- 

Proof. That the bottom map is an isomorphism comes from Lemma 14. 1[ 

The Weyl groups of go and Lq can be expressed in terms of ^A and G'^ as W{go) = 
Nm^H" n M)/{H'' n M) and W{Lo) = Nc^H") / H" . Using the Bruhat decomposition 
for G" and Ai simultaneously, as well as the Levi decomposition for Vq, it is possible to 
show that Ng-{H'') HVo C NMiH" H M). The resuhing inclusion Ng-{H'') n Vo/H" C 
NMiH" n M)/H°' n is an isomorphism. 

Now the commutative diagram in Equation can be extended by adding the commuta- 
tive square 

(9) Vo/H'^ Xwi,,)Vo -PonLS% 



G^'/H" Xw(Lo) ^0 
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in which the vertical maps are the natural inclusions. To show that the left vertical map is 
injective take two elements ([p], a;) and ([p'], a;') which are equal in the codomain. This means 
that there is w e Nc'riH") with [pw-^] = Ip'] and wxo = x'q. The former condition implies 
that w e VonNciH), so [w] G W{Lo) represents an element of W{qo), and ([p], = ([p'], x') 
in Vo/Ho Xw{go) Vo- 

Since the bottom map of Equation ([9]) is an isomorphism, we just need to show that 
Vq/H" Xi4/(go) % maps onto po ^ -^o"*- Suppose x G po is semisimple in Lq. Since diagonaliz- 
ability is preserved by restriction to an invariant subspace and by descent to a quotient by an 
invariant subspace, we can write x = xq + xi, where xo is a semisimple element of po Hpo and 
Xi G Uq. Conjugating xq by an element of the Levi factor Ai to be in {)o, we can assume that 
X G bo, a Borel subalgebra of Lq contained in pg. Thus the problem is reduced to showing 
that bo HLq'' C -BoI)o- Given x in the former set, take g & G" such that gx = y E i)^. Then 
bo and g bo both contain so there is w G Nci^H") such that wbQ = g bo- Since Borel's 
are self-normalizing, g^'^w G and x = {g~^w){w~^y) G -Bof)o- D 

We need two facts about diagram automorphisms and the structure of L. We use the 
convention from the last subsection to get simple roots {aj} of Lq from simple roots {a} of 
L. 

Lemma 4.16. The sets L"^^ and f)*" are fixed by a. Furthermore, [)o H f)^ = 1)q, the set of 
elements in [)o which are regular in Lq. Similarly, Lq fl L^'** = Lq**. 

Proof. That L^^ and i)^ are preserved by a follows simply from the fact that a is an au- 
tomorphism. Now, the restriction map ()* — )■ ()q sends roots of L to positive multiples of 
roots of Lq by Proposition 9.18 of |Ca05j . All the roots of Lq are covered by this map, so 
f)o n f)'' = [)q. An element x G Lo is semisimple in Lq if and only if it is semisimple in L. If 
it is semisimple in Lq then it can be conjugated to an element of f)o, so the statement for Lq 
follows from the statement for [)o. □ 

Lemma 4.17. There is a parabolic p' of L preserved by a such that p' fl Lo = po- tn 

is the standard reductive factor of p' then m fl Lo = Qq, the reductive factor of po, and 
W{mY = W^Qq), where both are regarded as subgroups ofW{L). 

Proof. Let S be the subset of simple roots {a j} determining po and let S' be the subset 
of simple roots of L which appear in some a-orbit J for aj G S. Let p' be the parabolic 
subalgebra determined by S'. Clearly p' is cr-invariant. By Lemma HTTOl an element w G 
belongs to Vr(0o) if and only if it has a reduced expression consisting of reflections through 
simple roots in S', which is exactly the condition that w belongs to Vr(m). If aj is a simple 
root of Lq, then the corresponding positive Chevalley generator cj is a linear combination of 
the positive Chevalley generators corresponding to the simple roots of L in J, and similarly 
for the negative Chevalley generator fj. Since po is generated as a Lie algebra by [)o, all the 
ej's, and the ffs such that aj G S, it follows that po C p' fl Lq. Since the /j's with aj E S 
are the only negative generators in p' fl Lo, and p' fl Lo is a parabolic subalgebra of Lq, it 
follows that p' n Lo = po- Similarly m fl Lo = 0o- D 

The real form i)^ of f) is the real subspace where all roots take real values, or equivalently 
the real span of the coroots. If x G f) let Re x be the projection of x to f)iR under the (real- 
linear) splitting f) = f)R © ii}R. Note that Re ax = a Rex and Rewx = wRex for all w G W. 
Let [)^[[2]]°'/l^(0o) denote the pro-quotient space. 
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Lemma 4.18. The map ^'^^z\Y /W{qq) — t- BJ' Xqa Q^[[z\Y induced by evaluation at zero and 
the projection [)q — W as well as the projection \)'' — ?■ Q*" is an isomorphism. 

Proof. Let p' be the parabolic of L over p^, as in Lemma 14.171 We start by proving that 
()''[[z]]'^/Vr(go) = (f)''[[^]]/Vr(m))[[2]]^, where W{m) is the Weyl group of the reductive factor 
of p'. By Corollaryill [)^[[2]]/H^(m) = {\)'' /W{m))[[z\], so every element of {)^'' /W{m))[[z\f 
is represented by an element of / G f)'"[[2]] such that wa{f) = f for some w G ll^(m). 
Let 5" be the set of simple roots determining p', let A' be the set of all roots of m, and 
let D = {a; G f)iR : a{x) 7^ 0,a G A'}. The connected components of D are of the form 
C X R^', where C is an open Weyl chamber of m and r = dimf) — |S"|. Consequently 

(m) acts transitively and freely on the connected components of D, so we can assume that 
Re/(0) E Dq = {x E '■ a{x) > 0, a G 5"}. But 5" is cr-invariant, so Do is also cr-invariant, 
and thus Re(j/(0) = (jRe/(0) G Dq. Since Re/(0) = waRef{0), this implies that w = e 
and consequently / G {)''[[^]]'^- Thus the map {i)"" /W{xn))[[z]Y is surjective. 

Suppose f,g G 1^'''[[z]Y are equal in (f)''/iy(m))[[2;]]'^. Then there is w G Vr(rri) such that 
wf = g. Since f{0),g{0) G ^)o, we have a{w)f{0) = g{0) = wf{0), and consequently 
cr{w) = w. Thus / and g are related by an element of iy(m.) fl = W{qo). As with Q, the 
space f)/ /W{m) is a linear space with a acting diagonalizably. Consequently (f)''/iy(m))[[2;]]'^ 
is smooth and the bijection f)^ [[2;]]'^/W^(0o) is an isomorphism. 

As a special case of the above argument, we have {[)^ /W{m)y = i)o/W{go) = R^- Conse- 
quently (f)'"/ll^(m))[[2;]]°" maps to via evaluation at zero, and we conclude that the map 
f)''[N]^/^(0o) R"^ ^Q'^Q^'iMY factors through the isomorphism to (f)''/ll^(m))[[z]]*. Since 
f)7Vr(m) ^ V/^{L) is etale, the space (i)'' /W{m))[[z]f is isomorphic to i?^ Xg. Q''[[z]Y 
by Lemma 14. 8[ □ 

Now we can prove the slice theorem for the parahoric. Recall that V is the connected 
subgroup of G'[[z]]'^ corresponding to p. As usual, V/H[[z]Y denotes the pro-group quotient. 
Similarly V/H[[z]f XvF(go) VMf will denote the pro-quotient of V/H[[z]f x i)''[[z]f by 

Proposition 4.19. There is a commutative diagram 

V/H[[z]f x^(,„) [j^[[z]f -pnL-[[^r 



mf/W{Qo) R' Xq. Q^[[z]Y 

in which the horizontal maps are isomorphisms, with the top map induced by multiplication 
and the bottom map induced from the two projections Q^'[[z]] = [}'^[[z]]/W{L) and R^ = 

Proof. We have already shown that the bottom map is an isomorphism. For the top map, we 
first consider the case when po = Lq, so that V = G[[z]Y and Vr(0o) = W{Lq). Combining 
Corollary 14. 51 (note that H is reductive so that G/H is affine) and the isomorphism {G / H)xy/ 
_j. j^rs ^ isomorphism Xy/ ^)''[[^]] — )• -^'^'^[[2]], where the former space 

is the pro-quotient. The automorphism a on translates to the diagonal action on 

(G/if)[[2;]] X54/(i) f)''[[2;]], and we can show that this isomorphism identifies L^'^[[2;]]°' with 
{G/H)[[z\f Xi^{Lo) f)^!!^]]"^ by a similar argument to the proof of Lemma [4.181 Namely, 
([/]; fl') ^ {G/H)[[z\\ X \f[[z\\ represents an element of L^''[[2;]]°' if and only if there is w G W{L) 
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such that [d-{f)]w~^ = [f] and wa{g) = g. Assuming that Reg(0) is in the open Weyl 
chamber we get that w = e and thus [/] G {G/H)[[z]Y, g G f)''[[2;]]'^- Similarly, any two 
elements of {G / H)[[z]Y x i)'^[[z]] with the same image in L^*[[2]] are Vr(Lo)-translates. Finally 
we can apply Proposition |4I4| to replace {G/H)[[z]]'' with 
Now for the general case we look at the square 



The pro- group quotient is a closed subscheme of G[ [2;]]'^ /if [[2;]]'^. As in Lemma 

14.151 both vertical maps are inclusions and consequently the top horizontal map is injective. 
Every x G L''*[[2;]]'^ can be written as gy for g G ^[[2:]]'^ and y G [)^[[2;]]. If x G p then 
a;(0) G po, after which Lemma 14.151 implies that there is G W{Lq) such that g{0)w^^ G 
Vq. Consequently gw^^ G V and {gw~^,wy) maps to x, so the top map is surjective as 
required. □ 

4.4. Arcs in the regular locus. Let L^^^ denote the open subset of regular elements in L, 
ie. the set of elements x such that the stabilizer has dimension equal to the rank I of L. 
Kostant proved that the map L^^^ — )■ Q is surjective and smooth |Ko63b] . The point of this 
section is to prove that p n L'''^^[[2;]] — )■ R Xq<t Q[[2]]°" has the same property. We start by 
proving some simple facts about regular elements in Lq, using Kostant 's characterisation of 
regular elements (Proposition 0.4 of |Ko63b] ) in L: if x = y + z is the Jordan decomposition 
of X, so that y is semisimple, z is nilpotent, and [y, z] = 0, then x is regular if and only if z 
is a principal nilpotent in the reductive subalgebra L^. Note that, by definition, a nilpotent 
element of a reductive algebra L is required to be in [L,L], and if 2; is a nilpotent in L 
commuting with a semisimple element y, then z is also a nilpotent in L^. 

Lemma 4.20. L*"*^^ fl Lq = Lq"^^ , the set of regular elements in Lq. 

Proof. Suppose x in Lq has Jordan decomposition x = y + z in L. Then x = y + z is also the 
Jordan decomposition in Lq, and in particular y and z are in Lq. Now by conjugating by an 
element of G"" we can assume that y G {)o, and in fact that y is in the closed Weyl chamber 
corresponding to the Borel Lq fl b, where b is the Borel in L compatible with a. Since the 
simple roots of L project to positive multiples of the simple roots of Lq, y is also in the closed 
Weyl chamber of L corresponding to b. Let S be the set of simple roots aj for Lq that are 
zero on y, and similarly let S' be the set of simple roots for L that are zero on y. Since y is 
in the closed Weyl chamber, the stabilizer Lq (respectively L^) is the reductive Lie algebra 
f)o ffi 0aez[5](-^o)a (respectively P) © ®aez[s'] ^o)- Now x is regular in Lq (respectively L) if 
and only if z is a principal nilpotent in Lq (respectively L^). Every nilpotent element of Lq 
is contained in a Borel, and all Borels are conjugate, so we can conjugate z by an element 
of {G'^y to get z contained in the Borel Lq fl b (since it does not have a component in the 
centre, z will in fact be in the nilpotent radical of Lq fl b). By Theorem 5.3 of |Ko59j . 2; is a 
principal nilpotent in Lq if and only if the component of z in (Lo)q is non-zero for all a E S. 
But by the construction of the simple Chevalley generators of Lq, this is equivalent to the 
component of z in Lq, being non-zero for all a G S'. So 2; is a principal nilpotent in Lq if and 
only if 2; is a principal nilpotent in L^, and hence x is regular in Lq if and only if x is regular 
in L. □ 



V/H[[z]r x^(,„) 
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A Kostant slice is an afiine subspace z/ of L of the form e + L^ , where {h, e, /} is a principal 
s[2-triple. If 1/ is a constant slice then u C L^'^^ and the composition u t- L^'^^ — t- Q is an 
isomorphism. 

Corollary 4.21. There is a Kostant slice v of L which is a-invariant and such that v" is a 
Kostant slice for Lq. Consequently Q'^ — Lq/ /C . 

Proof. Lemma 14.201 implies that any principal nilpotent in Lq is a principal nilpotent in L. 
Thus any principal s[2-triple {x, e, /} in Lq is also a principal s[2-triple in L. So z/ = e + L-'^ is 
a Kostant slice in L, and z/*^ = c + Lq is a Kostant slice in Lq. Since z/ — ?■ Q is a cx-equivariant 
isomorphism, — )■ is also an isomorphism. Moreover, the composition z/*^ > Lq — ?■ 
factors through the isomorphism v'^ ^ Lq ^ Lq/ /G"^, so Lq/ /G^ = . □ 

Now we consider the parabolic component. Recall that Qq = po Hpo- 

Lemma 4.22. Let Uq he the nilpotent radical o/po, so that po = 0o©Uo- Then the projection 
Po ^ 00 = Po/uo sends po fl Uq^ to q/q^^ . 

Proof. Let M. be the standard Levi factor of Vq. Note that the projection po — go is Vq- 
equivariant, where Vq acts on go by the quotient map to M.. Let bo be the standard Borel in 
Lq containing f)o and contained in po, and let 11 be the corresponding set of roots. Finally, 
if x e po let X be the image in go. We break the proof up into several steps. 

First we show that the lemma is true if x = e is a principal nilpotent in Lq. To prove 
this, observe that ad(e) = ad(e) acts nilpotently on go. Hence there is m G such that 
me is contained in the Borel boHgo. Since M. preserves Uo, me is contained in bo. Since 
me is nilpotent in L, me is contained in the nilpotent radical of bo, and hence so is me. In 
particular, me is a nilpotent element of go. The set 11' C 11 of simple roots determining po 
is the same as the set of simple roots whose root vectors lie in go. Since me is a principal 
nilpotent, the projection of me onto (Lo)a is non-zero for all a G 11, and hence the projection 
of me = me onto (go)a is non-zero for all a G 11'. 

Next we claim that if x G po is semisimple in Lq then there is G Po such that gx 
belongs to [)o- To prove this, write x G po as Xi + X2 for Xi G go and X2 G Uq. Now 
X acts semisimply on po/ Uq, so xi is semisimple in go and hence we can assume (after 
conjugation by an element of M) that Xi G f)o- Give Uq the principal grading, and observe 
that Uo = [uo,Xi] © Uq^ with respect to this grading. Write X2 = [?/,Xi] + x'2 + r, where 
y and x'2 are homogeneous elements of Uq with degree one, x'2 G UqS and r lies in degrees 
greater than one. Then exp(— y)x = xi + x'2 + r', where again r' lies in degrees greater than 
one. We can repeatedly iterate this procedure with y of increasing degree to get n in the 
connected subgroup corresponding to Uo such that nx = Xi + x'2' for some X2' G Uq^ . But if 
X is semisimple then uniqueness of Jordan decomposition implies that Xj = 0, finishing the 
proof. 

Now we can put the previous two steps together. If ?/ G [)o then f}o is a Cartan subalgebra 
of the reductive Lie algebra Lg, and bg is a Borel subalgebra (see, e.g.. Proposition 11.15 
of |Bo91j ). Given x G po H L^^^, take Jordan decomposition x = y + where y,z E po- 
Since the projection is Po-^Quivariant, we can assume that y E f)o- Then 2; is a principal 
nilpotent in pQ, which is in turn a parabolic subalgebra of the reductive subalgebra Lq, since 
it contains bg. Since ?/ G f)o we have Po = go ® ^o- The subalgebra is reductive, while 
Uq is the nilpotent radical of pQ. Hence = p^/ Ug, so the projection of z to = gl is a 
principal nilpotent, finishing the first part of the proof. 
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Conversely given x G 0o*^^ we want to show that there is x' G Lq*^^ such that x' = x. We 
can assume that x has Jordan decomposition y + z where y G {)o and z is a principal nilpotent 
in If z' is a principal nilpotent in Lq then the projection z' of z' to is principal, so 
there is m G Ai^ such that mz' = mz' = z. We conclude that x' = y + mz' is regular in Lq 
and projects to x as required. □ 

Corollary 4.23. The projection po fl Lq^^ R is surjective and smooth. 

Proof. The projection po — t- Qq is smooth, as is the projection Qq'^^ R. □ 

We need one more lemma. Recall that the map Lq^^ — )■ Lq/ /G"^ = Q'^ is not only surjective 
and smooth, but also a G"^-orbit map. Equivalently, if z/q is a Kostant slice in Lq^^ then every 
G"^-orbit in Lq ^ intersects uq in exactly one point. 

Lemma 4.24. Let uq be a Kostant slice in Lq. The multiplication map x z/q — )■ Lq^^ is 
smooth and surjective. 

Proof. G"^ X z/q — 7- Lq'^^ is surjective, so we just need to show that x z/q — )■ Lq*^^ is a 
submersion. The projection Lq'^^ — )■ Q'^ is smooth and the fibres are smooth C^-orbits. If 
X E then T^L]^^ is a direct sum of the tangent space to x in z/q and the tangent space of the 
fibre (note that a smooth closed subvariety of a smooth variety is an embedded submanifold 
in the analytic category). □ 

Corollary 4.25. The map TL^q^ — )■ TQ'^ is a TC^-orbit map. 

Proof. Obviously TC is an algebraic group acting on TL]^^ such that the map TL^^^ — )■ TQ" 
is TC^-equivariant. Furthermore the composition Tz/q ^ TL^q^ — )■ TQ'^ is an isomorphism. 
Hence we just need to show that every TC^-orbit in TU^^ meets Tvq in some point. In 
other words, we need to show that the map TC^ x Tz/q TL^^^ is surjective, but this is 
equivalent to G"" x z/q — )• L^^^ being a smooth surjection. □ 

Now we can state and prove the main proposition of this section. 

Proposition 4.26. The map p fl ^'''^^[[2]]'^ R Xqa Q[[z]Y is smooth and surjective. 

Proof. As a variety, <5[[2;]]'^ = Q" x (zQ[[z]]Y , where both spaces have a linear structure. 
Consequently R Xq<t Q^z\f = R x (zQ[[z]]Y is smooth. So we just need to show that the 
induced map on tangent spaces is surjective. A point y G T{R Xqa QWz^i^) corresponds 
to points yi G TR and ?/2 ^ ^hat agree in TQ'^ . By Corollary 14.231 the map 

Po n L\^^ — )■ i? is surjective and smooth, so there is Xi G Tpo fl U^^ mapping to yi. Let z/ 
be the cr-invariant Kostant slice from Corollary 14.211 The composition u U'^^ — )■ Q is a 
(T-equivariant isomorphism, so the induced composition z^[[2]]'^ ^ L''*^^[[2;]]°" — )• is also 

an isomorphism. Hence there is X2 G rL'~^^[[2]]'^ mapping to y2 in TQ[[-z]]'^. 

Now X2(0) and xi have the same image in TQ'^ , so by Lemma 14.251 there is (yf G TG"^ 
such that gx2{Q) = xi. But TG"" C TG[[z]f acts on TL''^»[[z]]'^, and the map TL'^'^sff^]]^ ^ 
T(5[[;z]]°" is TG[[z]] '^-invariant, so gx2 G TL''^^' [[z]]'^ lies above Xi and maps to y2- Since 
gx2{0) G Tpo, gx2 actually belongs to Tp, and hence is the desired point mapping to y E 
T{RxQ.Q[[z]f). □ 

Remark 4.27. Suppose in the above proof that yi G TR is a zero tangent vector, ie. is 
represented by a constant curve. Then we can pick xi G Tpo fl L^^^ to be a zero tangent 
vector, so the resulting point gx2 will actually belong to p x [zL[[z]]Y , which in turn is a 
subbundle o/T>op. This will be important in the next subsection. 
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We round out the section by proving Proposition I2.2[ 

Proof of Proposition \2.S[ Pick a principal st2-triple {h,e,f} in Lq. We need to show that 
the eigenvalues of h/2 on agree with the subset of the exponents defined in Definition 12. II 
Let L = L*^*^ denote the principal grading of L induced by the eigenspace decomposition 
of h/2. Then m > appears in the list of exponents of L with multiplicity dim [L^^^^ ■ 

Let u denote the Kostant slice f + L^. As previously mentioned, Kostant's theorem states 
that the restriction map C[(5] — > C[z^] is an isomorphism. Actually, a stronger statement 
is true. Identity C[t^] with polynomials on L'^ in the obvious way. Filter C[z/] by setting 
C[z/]m to be the subring of polynomials on (-^^''*) • Choose homogeneous generators 

for C[(5] = {S*L*)'^ and let C[(5]m be the subring generated by generators of degree at most 
m + 1. Then, by Theorem 7, page 381 of |Ko63b] . the restriction map gives an isomorphism 
between C[(5]m and C[i/]m- Furthermore, if J is a generator of degree m+1 then the restriction 
of / to z/ takes the form f + Iq where / is in the dual space of (L*^™^) and /q G C[z/]m-i does 
not have constant term. 

The automorphism a acts on both C[z/] and C[Q], preserving the filtration in both cases, 
and the restriction map is a-equivariant. As before, let Ai denote the ideal in {S*L*)^ 
containing all elements of degree greater than zero, so that Ai/Ai^ is the space of generators. 
By definition, the multiplicity of m as an exponent is the multiplicity of as an eigenvalue 
of a acting on the degree m + 1 subspace of A^/A^^. By the previous paragraph, this is 
equal to the multiplicity of as an eigenvalue of a acting on the dual space of (L^™)) , or 
equivalently the dimension of q'^ as an eigenvalue of a acting on (L*^™'-')'^ itself. □ 

4.5. The ring of basic forms. The following definition will help explain the notation used 
in this section. 

Definition 4.28. Suppose X is a variety over C with finite-order automorphism a. Let 
TconstX[[z]f denote the pullhack X" XTX-TX[[z\f where TX[[z\f TX" is the differential 
of the projection X\\z\f — ?• X" and X°" — )• TX'^ is the zero section. Intuitively TconstX\\^z\\" 
is the space of infinitesimal families of arcs which are constant at z = 0. 

If X has a linear structure and a is a diagonalizable linear map, Tconst-^[[-2]]'^ — Ar[[z]]'^ x 
(2;X[[2;]])'^. In particular, Tconst is a subbundle of T. In this case, T'*^^^^ will denote the dual 
bundle, and ^const ^ill denote the ring of sections of A* ^const- 
Let Rxqa T*^^g^Q[[z]]" denote the bundle over Rxqa Q^z\Y . Extending notation slightly, 
let KonstR Xq- QMf denote the sections of /\*Rxq. T*^^^^Q[[z]f . 

Lemma 4.29. The differential of the map p — )■ i? Xq<t (^[[-z]]'^ induces a bundle map T>op — )■ 
R Xqt TconstQ[[z]Y ■ Over p n L'''^^[[z]]'^ the bundle map is surjective on fibres. Pullback by 
the dual of this bundle map gives an injection from fi*^^^^/? Xq<t (^[[-z]]'^ to ^^>oP- 

Proof. R Xqct TconstQ[[z]Y is isomorphic to the pullback R Xtq'^ TQ[[z]Y, where the map 
R — )■ TQ'^ is the composition of the zero section R — )■ TR with the differential TR — )■ TQ'^. 
Thus we just need to show that the restriction of the differential Tp — )■ TR to T>op factors 
through the zero section R — )■ TR. But tangent vectors in T>op are represented by curves 
X + ty where x E p and y E u, while the projection p ^ R factors through p — )• p/u, so 
^>oP TR factors through the zero section as required. 

The bundle map is surjective on fibres over p n by Remark 14.271 to Proposition 

14.261 Since the projection p fl R Xqa Q^z\Y is surjective, the pullback map is 

injective. □ 
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Lemma 4.30. The pullback map of Lemma 4-29 gives an isomorphism from VL*^^^^^R^ Xq<t 
(^[[-z]]'^ to the algebra of V -invariant M -basic elements o/fi^Qp fl ^''''[[2;]]'^. 

Proof. Let p^'"* denote the open subset pnL''^[[2;]]'^ of p. By Proposition 14. 191 p*"^ is isomorphic 
to V/H[[z\f xvv'(g,) V[[z\f. By Proposition |13l 

T [V/HMf x^(g„) ^^-Mf) - TV/H[[z]f x^(,„) WMf. 

Also note that V/Af is isomorphic to the connected reductive subgroup of V corresponding 
to the subalgebra go C L[[2;]]'^. We work for a moment in the analytic category. Suppose jt 
is a curve in p'"'^ representing an element of T>op, so that the image 74 of 74 in Qq is constant. 
There are curves at and /3j in V and f)'"[[2;]]'^ respectively such that at(3t = 7*. Let Ot denote 
the image of at G V/Af. Then 7^ = 0^/3^(0) is a constant curve in Qq, so ao~^at/3t(0) is a 
constant curve in f)Q. This implies that aQ~^at £ wH'^ for some w G N{HY, from which 
we can conclude that ao~^«t/3t(0) = wf3t{0), so /9t(0) is constant, and hence represents an 
element of Tco„stfl^[[2;]]'^. Since w~^(Xo~^(x^ e H'^, the curves at and at(x[~^(IoW are equal in 
V/H[[z]Y . The latter curve projects to a constant curve in V/Af, and since P = V/Af^Af, is 
tangent to a left A/'-coset in P. Since Af is normal, every left A/'-coset is a right A'-coset. We 
conclude that over p^'"*, T>op is isomorphic to the subbundle Tj^V / H[[z\f ^w{5Q)TconstW^z'\f 
of T{V/H[[z\f XvK(go) fl'^lN]'^), where Tj^V/H[[z\f is the subbundle of tangents to U- 
orbits. 

Recall from Lemma SIH] that f)''[N]^/Vr(0o) = if^'' /W{xn))[[z]f , so we can talk about 
T,onst{^'-Mf/W{Q^)). By Proposition Sa again, {T\)^[[z\f)/W%) = Tm[z\f /W{q^)), 
so T^onstiVMf /W{qo)) is a subbundle of {T\)''[[z\f)/W{QQ). A tangent vector v E WMf 
represents an element of Tcorisi(f)^[[2]]'^/W^(0o)) if and only if the projection of f(0) to 
f)o/^(0o) — {^^ /W{xn)y is a zero tangent vector, where v{0) is the image of v in T[)q. 
Since ()o ~^ f)o/^(0o) is etale, this is true if and only if f (0) is a zero tangent vector, so 
TconstiVMf/Wieo)) = {TconstVMf) /W{qo). Similarly the isomorphism {)'' [[0]]VW^(0o) = 
R"- Xq. Q^''[[z]f sends T,onsti)''[[z]f /Wigo) to Xq. T^onstQ' [[z]f (see the proof of Lemma 
I4.29p . Applying Proposition 14. 19[ we just need to show that the bundle map 

induced by projection on the second factor gives an isomorphism from ficonst^l'^[[^]]'^/^(0o) 
to the ring of P-invariant A/'-basic sections of /\* T^V /H[[z]Y Xi4/(go) rc*onst^''[[-2]]'^- 

By pulling back to V/H[[z]Y x i)^[[z]Y, we can identify the ring of "P-invariant A^-basic 
sections of /\* T^V / H[[z]Y Xw(^g^)T*^^g^[)''''[[z]Y with a subring of the P-invariant A/'-basic sec- 
tions of A* TAf'P/H[[z]fxT*^^^t[)'^[[z]f. This latter ring is isomorphic to the ring ^*onst^''Mf 
by pullback via projection on the second factor. An element of ^*onst^'^[[^]]'^ descends to a 
section over V/H[[z]]" Xw(^g^) ^^[[z]Y if and only if it is Vr(0o)-equivariant. The splitting 
W[[z]f = i)'-[[z]f X [}o®T,onstV[[z]f allows us to identify the l^_(0o)-module ni^nstV[[z]f 
with the subalgebra of differential forms which vanish on l)o[[-2^]]'^ ^ f)oS There is a simi- 
lar splitting for T[)''[[2;]]'^/W^(go), and thus a similar identification for fi*onsff>''[[^]]'^/W^(0o)- 
The differential Tf)'"[[2;]]'^ — T[)''[[2;]]°"/14^(go) preserves this splitting, so the pullback map 
^const^^[[^]]'^/^(0o) ~^ ^*const'^'^'[[^]V agrccs with the pullback map on differential forms. 
Thus pullback gives an isomorphism from f^*o„5tf)'^[[2^]]'^/Vr(0o) to the iy(go)-equivariant el- 
ements of i^const^'^[[^]]'^ 6.g., Theorem 1 of |Br98] ). and this imphes that all P-invariant 



^In contrast, there is no such identification for the P-module ri>oP- 
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A/'-basic sections of /\^ T^V / H\\z\Y ^w{qo) T*onst^'^^AY come from pullback on the second 
factor. □ 



Proposition 4.31. The pullback map of Lemma \4-29\ gives an isomorphism from the algebra 



^const^ ^Q'^ QUAY algebra of V -invariant Af -basic elements of QZ,Qp. 

Proof Let p''^^ = pnU^3^[z]f, and let denote the map p'^^^ RxQ.Q[[z]f. By Proposition 
I4.26[ (j) is smooth and surjective. Hence if / is a regular function defined on an open dense 
subset of i? Xq<t such that (f)*f extends to p^'"^^, then / has a unique extension to 

Rxq.Q[[z]Y. 

Suppose uj G QZ,Qp^'^^ is P-invariant and A/'-basic. Then there is « G VL*^g^BJ' Xqa Q[[z]]" 
such that (f)*a = u over p^*. We can write a = ^ fiC^i, where the a^'s are elements of 
^const-^ Xqct which are linearly independent in fibres, and the /j's are functions on 

Xq" Q^[[z]]"- Since the bundle map is surjective on fibres, the puUbacks 0*0^ are linearly 
independent in fibres. Since 0*a = extends to p'^^^, the functions (j)*fi must 

extend to p^^^, and consequently a extends to R Xga Q[[z]Y . The pullback 0*a agrees with 
oj on an open dense subset, so every P- invariant A/'-basic element of Q^Qp^'^^ is the pullback 
of an element of Xqct Qii^]]"^ as desired. □ 

Proof of Theorem \2.5[ Let I'^ and Ri be generators for C[Q] and C[R] as in the statement 
of Theorem 12.51 Choose coordinates {yia} for Q such that pullback of i/ia via the projection 
L ^ Q is If. Similarly, choose coordinates {rj} for R such that the pullback of via 
the projection po — )■ -R is Ri. Note that the coordinates {yia} with a fixed correspond to 
the subspace Qa of Q on which a acts as multiplication by q"" (by previously established 
convention, this means that ayia = q~°'yia)- Consider the r^'s as functions on _R Xq<t (^[[2;]]°^, 
and let yia denote the induced map Q^z\] Q. Then the coordinate ring of i? Xq<t (^[[-z]]'^ is 
the free ring generated by the r^'s and the functions [z^^'Alli-a for a = 0, . . . , k — 1 and n>l. 
Consequently the ring Q*^^g^R Xqt Q[[z]Y is the free super-commutative ring generated by 
the above generators for the coordinate ring, along with the restrictions of the differential 
forms d[z"'''~°']yi-a, a = 0, . . . , k — 1 and n > 1. Applying Prop osit ion 14 . 3 1 1 we conclude that 
fiyoP is the free super-commutative algebra generated by the Ri's, the functions [2;"*^""]/"" 
for a = 0, . . . , — 1 and n > 1, and the restrictions of the 1-forms ^[z^""'^]/^"'' to T>oP, again 
for a = 0, . . . , k — 1 and n> 1. Theorem 12.51 then follows from Theorem 13.31 □ 



5. Spectral sequence argument for the truncated algebra 

In this section we finish the proof of Theorem 12.81 using a spectral sequence argument. 
Recall from section [3] the definition of the operators dji{S) and diiT) on /\* p ® S*p. It is 
not hard to prove: 

Lemma 5.1. dR{S)dLiT) + dL{T)dR{S) = {ST)^y"'+{TS)^, where {STf^^ is the extension 
of ST to the symmetric factor as a derivation, and (TS)^ is the extension of TS to the 
exterior factor as a derivation. 

Let P : p* — )■ p* be the dual of multiplication by on p. Define Q : p* — )■ p* by 
{Qf){x) = f (pr), where x is the projection to z^p using the splitting p = (z^p) © (p/z^p) 
suggested by the root grading. Note that PQ = 1, while QP is projection to (z^p)* 
using the corresponding splitting of p*. Thus {dR{P)di{Q) + dL{Q)dji{P))u = {n -\- q)co 
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if w G /\*{p/z^p)* (g) /\"(z^p)* (g) S'lp*. It is not hard to show that d/j(P)2 = 0, so we can 
use the above identity to show that 

— A*(P/-^P)* — A* P* — A*-' P* ® s^P* — • • ■ 

is exact. Further, dji{P) commutes with the Lie algebra cohomology operator d with co- 
efficients in S*p*. Since dii{P) is p-equivariant and preserves the subset of cochains which 
vanish on Qq, we can restrict to the relative cochain complex to get an exact sequence 

— (A*(uA^P)*)" — ^ K-^ • • • , 

where K*'* is the bigraded algebra (A*^^* ® S'*p*)^" graded by tensor (ie. combined exterior 
and symmetric) degree and symmetric degree, regarded as a bicomplex with differentials d 
(the Lie algebra cohomology differential for u with coefficients in S*p*) and dji{P). Note 
that both d and dR{P) are derivations of the algebra structure. 

Lemma 5.2. Give K*'* a z-grading by taking the usual z-degree for the exterior factor, and 
z-degree + N on p* for the symmetric factor. This z-grading descends to H* {total K*'*) , 
and there is an isomorphism H*{p/z^p,Qo) — ?■ H*{totalK*'*) which preserves z-degrees. 

Proof. We have just shown that there is a chain map from the Koszul complex for (p / z^p, go) 
to totalis*'*. Consider the spectral sequence induced by the column-wise filtration of K*'* , 
ie. the descending ffitration where the pth level contains all elements of K""'^ with a > p. 
The ii^i-term of this spectral sequence is 

{^'{n/z^pyy^' q = o 

g > ' 

with differential the restriction of d. Hence 



p,q 



^p^^^\HP{p/z^p,go) q = 
^ ^ g > 



It follows from naturality of the spectral sequence that the induced map H*{p/z'^p, Qq) 
if* (total if*'*) is an isomorphism. The z-degrees on K*'* are preserved by d and dii{P), so 
the 2;-grading descends to homology and likewise is preserved by the isomorphism. □ 

To calculate ii* (total if*'*), consider the spectral sequence of the bicomplex K*'* induced 
by the row-wise ffitration, ie. the descending ffitration where the pth level contains all 
elements of K"-'^ with b > p. This spectral sequence has Ef''^ = H^^^{p, Qq; S^p) with 
differential d^i^P) (note that the order of the degrees is swapped compared to if*'*, so p is 
symmetric degree and q is tensor degree). Thus El'* is a freely generated differential super- 
commutative algebra, with generating cocycles explicitly described in Theorem l2.5l as follows. 
If ri, . . . ,r;(, is a list of exponents for go then there is a generator in ^J^'+^-'^'+i represented 
by a cocycle Ri. If m[ is a list of twisted exponents then there is a generator 

m E;"" "^''"^ for every > 1, represented by a cocycle /" " = [z , and a 

generator in E"^' '"^^ for every n > 1, represented by a cocycle u]^''~°' = J^dlz'^'^''^]!^ " . 
Since d^^P) is a derivation, we just need to determine its action on these generators. By 
degree considerations, dR{P) kills the generators Ri and /f*^"". Note that /° = [^z^jii^^ lies 
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in El'*, as it belongs to the algebra C[R] generated by the i?j's (see Corollary I4.2ip . If the 
reductive algebra L splits as a direct sum L = 3 © L*, where 3 is the centre and the L'^^^'s 
are cr-invariant simple components, then we can assume that the generators of {S*L*)^ 

used to construct the cochains fj^''~°' belong either to 5**3* or to (5* (LW)*) for some i. 
With this assumption we have: 

Lemma 5.3. The differential dji(P) on K*'* sends bj'^^~°' to a non-zero scalar multiple of 
jnk-a-N ^/^ _ q > jy^ q^,^ Iq ^.ero otherwise. 

Proof. The generator u]^^~°' can be rewritten as dL{J)fJ^^~°'- Both d^iP) and diiJ) preserve 
the subalgebras and S* i\ so we can assume that L is either simple or abelian. 

Since dR{P)ff-'' = 0, we can use Lemma O to get dR{P)uf-'' = {PdY^^ff-''. As an 
element of the dual of ^*p, (pj)Symfnk-a defined by 

x,o...o ^ J2i''''-vt^\- ■ ■ ° ° ■ ■ ■ )• 

j 

Suppose L is abelian. Then, as noted after the statement of Theorem 13. 3[ we can assume 
that J is the identity, so [pj)Symfnk-a ^ ^nk-a-N required. 

This leaves the case that L is simple, in which case J is defined as the derivation of p 
acting on weight spaces as multiplication by (p, a), where p is the weight of the associated 
Kac-Moody satisfying p{q^) = 1 if rfj > in the grading of type d determining p, and 
p{a() = otherwise. Following the Kac convention in |Ka83j . the Kac-Moody associated to 
is g = © Cc © Cd, where c is central and d acts by Zj^. The roots of g belong to the dual 
of the Cartan f)o © Cc © Cd, and are defined similarly to the roots of g, with d* replacing 
6. If ao = d* — ip, ai, . . . ,ai is a list of simple roots for g, then the associated coroots are 
= c* — ipo, a^, . . . , a]^ , where ipo is either in the untwisted case, or the element of [)o 
such that {x,iPq) = ip{x) in the twisted case. The standard non-degenerate invariant form 
(, ) for g satisfies (f)o, c) = ([}o, d) = (c, c) = {d, d) = and (c, d) 7^ 0. 

Write p = po + Ac* for some po in f)o- ^ 0" above equation then z'^Xj G Qa+Nd*, 

so Jz^Xj = z^{N{p,d*) + J)xj. Since {p,d*) = A(c*,d*), we have 



dR{P)uf-- = 




nk > N 
nk < N 



Take a basis {xa,i} for g^, and let be the dual basis. Then J'^^'^x^ = (p, = ((po, a) + 
A{c*,a))xl^. There is po ^ ho such that a(po) = (po,«) for all roots a, so ad*(po)x^ = 
— (po,a)a;^. Hence on the subring of f)o-invariant functions of S*p*, J^y^ agrees with the 
derivation which sends to A(c*,a)x^. The product {c*,a) is equal to {c*,d*) times the 
z-degree of x^. We conclude that jSymfnk-a-N ^ A{c*,d*){nk - a - N)ff-''-^, and 
consequently that 

dR{P)ujf-'' = A{c*, d*) (iV(m;~") + 1) + nfc - a - at) fj^'^—^ 

a N < nk — a. Since nk — a — N > 0, the coefficient is non-zero as required. □ 

We now have a situation parallel to when we defined dR{P). Let Vq be the free vector 
space spanned by basis elements forn>0,a = 0,...,A; — 1, and i = 1, . . . ,la. For any 

integer m, let Vm be the subspace of Vq spanned by the v^^^"'^s with nk + a > m. Identify 
A* Vi ® S*Vo with a subalgebra of El'* by sending to /f'^'*'" in the symmetric term and 



36 



WILLIAM SLOFSTRA 



to cj" in the exterior term. Let P' be the hnear map Vq Vq sending v^"" to t,^"'=+"-^ if 
nk+a > N, and to zero otherwise. Let Q' be the operator Vq H- Vi sending v^^'^"' t-)- 
Then P'Q' = 1, while Q'P' is projection to Vn- So dR{P')dL{Q') + dL{Q')dR{P') acts as 
muhiphcation by the combined symmetric degree and exterior VAr-degree. By Lemma 15.31 
the differential on El'* restricts to dji{P') on /\* Vi ® >S'*Vo, and hence the homology of the 
differential on this subspace is the subalgebra Ai of the £'2-term generated by u'^^~^"'^s with 

< nk + a < N. To get the whole ii^2-term, recall: 

Lemma 5.4. (5**00)^" a free {S*Ll)^° -module. 

Proof. Let S = (5*gS)8" and A = {S*L*q)^°. Restriction to the Cartan [)o gives isomorphisms 
S ^ (g*f)*)'^(6o ) and A ^ {S *l)*)^^^'>\ so A is a subalgebra of S. By the Chevalley-Shephard- 
Todd theorem pi55] [Kofe^ b]. there is a subset Hq C ^*()o such that S*\:)*q = A ^ Hq as a 
iy(Lo)-module, where the isomorphism is given by multiplication, and Hq is isomorphic to 
the regular representation. Hence S = A ® H where H = H^^^°\ □ 

The algebra C[Q°"] generated by the /°'s is a subalgebra of /\* Vi (g) S*Vo. Note that 
dii{P') is C[(5'^]-linear, since it kills CfQ"^] and is a derivation. The E'l-term is isomorphic 
to the base extension C[R] <S)c[Q'^] A* ® S*V, with differential given by the base extension 

1 ® d^lP') of dn^P'). Freeness implies that the i?2-term is C[R] <^c[Q'^] ^i- Since the action 
of C[(5'^] on Ai sends everything of symmetric degree > to zero, the i?2-term is isomorphic 
to R(Lo,flo) ® Ai. 

Lemma 5.5. The spectral sequence collapses at the E2-term. Consequently the graded algebra 
of H* {total K*'*) with respect to the row-wise filtration is isomorphic to R(Lo,0o) (S) Ai. 

( — a) ( — a) , -, 

Proof. Ai is a free algebra with a generator G -E2 ' ' ' every twisted exponent 

ml"""^ of L and n such that < nk — a < N. The subring R(Lo, 0o) hes in bidegrees (a, a), so 
the entire £'2-term is contained in bidegrees (a, b) with a < b. Suppose more generally that 
the Er-teim is contained in bidegrees (a, b) with a < b, and is generated in bidegrees (a, a + 1) 
and (a, a). The i?2-term differential has bidegree (2, —1), and thus annihilates R.{Lq, Qq) and 
the generators o;"'^"". The same argument works for higher ii^^-terms as well. □ 

Now we just need to determine the ring structure of if* (total K*'*). The row-wise filtration 
of K*'* is the descending filtration where F^K*'* = ®.,>pK*'''. Likewise F^'ii* (totalis'*'*) is 
the subspace of homology classes which have a representative cocycle in F^K*'* . If A; G K'^'^ 
is such that dk = dji{P)k = 0, then k determines a homology class [k] in H^'^'^ {total K*'*). 
Referring to the construction of the spectral sequence of a filtered differential module (see, 
e.g., pages 34-37 in jMCOlj ). we also see that k determines a persistent element of the spectral 
sequence, ie. k represents an element in each E^''^ (once again, note that the degrees are 
swapped between K*'* and E*'*) that is killed by the rth differential, and the homology 
class of this element corresponds to the element represented by k in E^.'^^. The projection 
FP H^'^'^ {total K*'*) — )■ EP^^ sends [k] to the element represented by k in Eoo. Finally, when 
Ef''^ is identified with H'^{K*'P, d) the element of Ei represented by k is simply the homology 
class represented by k in H'^{K*'P, d), and consequently the same is true of the identification 
of E2 with H* {H* {K*'* , d) , dR{P)) . Note that this would not necessarily be true if k was 
not homogeneous. 

We know that the i?2-term is generated by classes represented by elements z = 1, . . . , /q 
and a;f''+", i = l,...,la and < nk + a < N in K*'*. Let A denote the subalgebra of K*'* 
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generated by the elements w"'^^", i = 1, . . . ,la, < nk + a < N. By Theorem 12.51 and Lemma 
\5.'S\ C[R] (g) A C K*'* is annihilated by both d and dR{P). Hence there is a homomorphism 
C[i?] ® A — )■ i/* (total -ft"*'*). Since dujf = 0, Lemma 15.31 implies that the image of in 
if* (total K*'*) is zero, so the homomorphism C[R] ® A — )■ iJ* (total K*'*) descends to a map 
R(Lo,0o) ® A — 7- /7*(total i^*'*). By Lemma 15.51 and the argument of the last paragraph, 
this map is a bijection. We record this calculation in the following proposition. 



Proposition 5.6. Let R(-Lo) 0o) denote the algebra of Lemma \5.4i graded by symmetric 
degree. Give R(Lo, 0o) cohomological grading by doubling the symmetric grading, and a 
z-grading by multiplying the symmetric grading by N. Then H*{p/z^P,Qq) is isomorphic 
to R(Lo,go) ® A, where A is the free algebra generated in cohomological degree Inxf^ + 1, 
z-degree Nrrif' +nk + a, for a = 0, . . . , /c — 1, z = 1, . . . , /q, and n such that < nk + a < N . 

Consider the untwisted case where n = 1. In this case, p/zp is the semi-direct product 
po x Lq/Pq, where Lo/po has Lie bracket equal to zero. Then Proposition 15.61 implies that 
H*{po K Lq/Pq, 0o) is isomorphic to R{Lq, go). The following Lemma implies that Proposition 
I5.6l actually gives a direct Lie algebra proof of Borel's theorem that R(-Lo, go) is isomorphic to 
if *(Lo, go)- Note that the z-grading on H*{po k Lq/Pq, go) is half the cohomological grading, 
and thus corresponds to the holomorphic grading on H*{Lq, go). 

Lemma 5.7. Let pQ k Lq/Pq be the semi-direct product where Lq/Pq has Lie bracket equal 
to zero. The cohomology ring H*{pQ x i^o/po)0o) is isomorphic to H*{Lq, Qq) . 

Proof. Let X be the generalized flag variety G" /Vq, where Vq is the parabolic subgroup of 
Qa corresponding to po. The complex- valued de Rham complex of X can be realized as the 
relative Koszul complex 

C* (Lo, go; G°^{K- C)) = I /\(Lo/go)* ® G^{K; C) 

where K is a. compact form of X. The de Rham differential d translates to the Lie algebra 
cohomology boundary operator for (Lo,go)- Let Uo be the nilpotent radical of po. The 
holomorphic structure on X gives the de Rham complex a bigrading, which can be written 
in terms of C*(Lo,go; G'^iK; C) as 

CP.'?(C~(ir;C)) = |^/\u^*®/\u*®C~(ir;C) 

where p is the holomorphic degree, and q is the ant i- holomorphic degree. The differential d = 
d + d, where d and d are the holomorphic and anti- holomorphic differentials respectively. On 
C*'*, d is the Lie algebra cohomology differential of Uq with coefficients in /\* Uq ^G°°{K; C), 
where Uo is the Uq- module Lq/Po- Similarly d is the Lie algebra cohomology differential of Uo 
with coefficients in /\* Uq* ® C°°(i^; C). The Kahler identities then imply that the Laplacian 
dd* + d*d of d with respect to a Kahler metric is equal to twice the Laplacian dd* + d*d. In 
particular the two differentials give the same cohomology. 

A theorem of Chevalley-Eilenberg implies that the de Rham complex is quasi-isomorphic 
to the subcomplex C(Lo,go;C) of equivariant forms |CE48j . Since K acts by holomorphic 
maps on X, the same is true of the de Rham complex with the anti-holomorphic differential. 
Hence the Kahler identities imply that the cohomology of C*(Lo,go;C) is the same with 
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respect to either d or d. Finally (C(Lo, Qo; C), d) can be identified with the Koszul complex 
for the Lie algebra cohomology of H*{po k Lo/po,0o)- D 

To finish the section, we observe that if p is an Iwahori, then a similar spectral sequence 
calculation can be made with S*p* replaced by 5**11. In this case the first spectral sequence 
will converge to H*{p, Qq; S*ix*), while the i?i-term of the second spectral sequence is the free 

super-commutative algebra generated by elements g E^^ '"^^ and o;"'^"" G 

E"^i +^ for every n > 1, a = 0, . . . , k — 1, and i = (see Section 16.21 for the 

proof). The differential on the £'i-term sends cjf''"" to f^^-"--^ ii nk — a > N, and to 
zero otherwise. Thus the i?2-term will be the free algebra generated by the a;f'^~"'s with 
< nk — a < N. Since the algebra is free, the isomorphism on graded algebras lifts to give: 

Proposition 5.8. Let b be an Iwahori subalgebra of q, and let n be the nilpotent subalgebra. 
Then H*{b /z^n, [)o) is a free algebra generated in cohomological degree 2m'f^ + 1, z-degree 
Nrnf* + nk + a, for a = 0, . . . , A; — 1, i = 1, . . . , /q, and n such that < nk + a < N . 

6. Cohomology with coefficients in the nilpotent 

In this section we use the same conventions as in Section HI In particular p is a standard 
parahoric and G is a Lie group with Lie algebra L such that a lifts to G. 

6.1. A Kostant slice theorem. All the statements and proofs in this section have jet space 
analogues, but for simplicity we consider arc spaces only. Let u he a. Kostant slice for L. 
As previously mentioned in Subsection 14. 4^ u is contained in L^*^^, and every G-orbit in L^'^^ 
intersects u in exactly one point. Since u )■ U'^^ —> Q = L/ /G is an isomorphism, this is 
equivalent to the statment that the projection L^*^^ — )■ Q is a G-orbit map. So far we have 
shown that p fl — )■ R Xq<t Q[[z]Y is smooth and surjective — analogous to Kostant's 
theorem that L^^^ Q is smooth and surjective — and that there is a cr-invariant Kostant 
slice u so that L^'^^Hz]]^ — )■ is an isomorphism. However, we are missing 

the statement that every G[ [2;]]'^ -orbit in intersects in a unique point, or 

equivalently that L'''^^[[2]]°" — )■ <5[[2:]]'^ is a G[[2;]]'^-orbit map. In this section we show the 
stronger statement that p fl L^'^^[[2;]]'^ — )• R Xqo Q^z\Y is a P-orbit map. 
First we consider the parabolic component. 

Lemma 6.1. The map po fl U^^ R is an Vo-orbit map. Furthermore, if g E G'^ fixes an 
element of po fl Lq^^ then g belongs to Vq. 

Proof. Suppose xi,X2 G po H U'^^ have the same image in R, and write Xi = yi + zi for the 
semisimple decomposition. We can assume as in the proof of Lemma [4.221 that yi G f)o, after 
which Hi and 1/2 differ by translation by the Weyl group of the Levi component of po. We 
are left with the two principal nilpotents zi and Z2 contained in the parabolic po H L^q of the 
reductive algebra Lq\ So the problem is reduced to showing that two principal nilpotents 
in po are conjugate by an element of Vq. But we can obviously conjugate both to be in the 
same Borel, finishing the proof of the first statement. 

For the second statement, we can again assume that x G po H Ll^^ is of the form y + z 
where y G f)o and z is a principal nilpotent of Lq contained in Lq fl bo, where bo is a Borel 
contained in pQ. We conclude that Lg = (Lq)^ is contained in bo C po. Now by Proposition 
14, page 362 of |Ko63bj . {G'^Y is connected, and hence a subgroup of Vq. □ 
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Next, consider an analogue of Jordan decomposition in ^^[[2;]]. Say that y G L\\^z\\ is pro- 
semisimple (resp. pro-nilpotent) if the image of y in J^L is semisimple (resp. nilpotent) for 
every m > 0. If x G then the image of x in J^L = Llzl/z"^ decomposes uniquely as 

Xm = Vm + Zm foT ym semisimplc, Zm nilpotent, and [ym, Zm] =0. If k < m then ym maps to 
yk in JkL, and similarly Zm maps to Zk. Let y and z be the inverse limits of the ?/m's and 
ZmS respectively. Then x = y + z, y is pro- semisimple, z is pro-nilpotent, and [y, z] = 0. It 
is not hard to see that this decomposition is unique. If x is in then a"(?/) and alz) are 

pro-semisimple and pro-nilpotent respectively, so y and z are also in 

The same argument that we used in the proof of Lemma 14.221 to show that a semisimple 
element of po is Po-conjugate to an element of f)o can be used to show: 

Lemma 6.2. If y E L[[z]\'^ is pro-semisimple then there is g & C^[[z]Y such that gy G i)o, 
the Cartan in Lq. 

Proof. Suppose y is pro-semisimple and y^ is the image of y in J^L = L[z\/z'^^^. Since 
1/0 is semisimple in Lq, there is go G G" such that g^yo belongs to ()o- Now suppose we 
have gk G {JkGY such that gkyk = yo & JkL- The map {Jk+iGY — )■ {JkGY is a group 
quotient. In particular it is surjective, so we can find g'^. G {Jk+iGY lying above gk. Then 
g'j^yk+i = yo + XkZ^^^ where XkZ^+^ G L[[z\f . Since e ()o C f), L = L?'" © [L,?/o]- If 
Xk G Li then we can find x'^ G Lj such that [x'^,?/o] is the component of Xk in [L,yQ]. Let 
gk+i = exp{-x'kz''+^)g'^ G {Jk+iGf, so that gk+m+i = yo + x^z^^^ for x'i G Lv^ . But x^z^^^ 
is nilpotent, so by uniqueness of Jordan decomposition and the fact that yk+i is semisimple 
we must have gk+iVk+i = Vo- In addition 51^+1 = g'^ {{g'^.)'^ exp{-x'^z^+^)g'^) lies above gk in 
{JkGy, so we can construct a sequence of gkS whose inverse limit is the required g. □ 

In a reductive Lie algebra, the principal nilpotents form a single orbit. The following 
lemma provides a somewhat analogous statement for ^[[2;]]'^. 

Lemma 6.3. Let {x,e,f} be a principal 5i2-triple in Lq. If x is an element of L[[z]Y such 
that x{0) is a principal nilpotent, then there is g & G[[z]Y such that gx & e + {zL-I'llzWY . 

Proof. Since the principal nilpotents in Lq form a single G'^ orbit, we can assume that 
a;(0) = e. Now L = [L, e] © L^ , so we can proceed as in the proof of Lemma [6.21 That is, let 
Xk be the image of x in JkL, and assume we have gk G [JkGY such that gkXk = e + ak, where 
ak G {JkL^Y and afe(O) = 0. Lift gk to some g'j^ in {Jk+iGY , so that g'kXk+i = e+ak+i+VkZ^^'^ , 
where ak+i G {Jk+iL^Y and yk G [L,e]. Multiplying g'^Xk+i by exp(-?/^z''+^) where [?/^,e] = 
yk gives e -|- Zk+i as desired. □ 

The preceeding lemmas lead to the main result of this section. 

Proposition 6.4. The map p fl R XQ<y Q[[z]Y is a surjective V-orbit map. 

Proof. If Po = Lq and a is trivial, then we just need to show that (-^[[2;]] x i^Hz]] — )■ ^''^^[[2;]] 
is onto for some Kostant slice u. This follows immediately from Lemmas 14.31 and 14.241 

Next consider the case that p = Lq but a is non-trivial. Suppose Xi,X2 G L^'^^[[2;]]'^ 
have the same image in Q[[2]]°". By Lemma 16.21 we can assume that Xi = yi + Zi, where 
yi G f)o and Zi G = is pro-nilpotent. Since a;i(0) and a;2(0) agree in Q'^, 

we can conjugate by an element of W{Lq) to get yi = y2 = y- Since Xi{0) is regular, Zi{0) 
is a principal nilpotent in Lq, and hence by Lemma 16.31 we can conjugate by an element 
of G'^[[2;]]'^ to get 2;, G e -I- (2;L^"'"'^[[2;]])'^ for e and / fixed opposite principal nilpotents in 
Lq. By the untwisted case, there is g & G[[z]] such that gxi = X2- Multiplication by 
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g preserves the Jordan decomposition, so gyi = 1/2 and gzi = Z2- The subgroup is 
a connected reductive subgroup of G by Lemma 5, page 353 of |Ko63b] . Using the fact 
that the exponential map is a bijection for pro-nilpotent groups, it is not hard to see that 
= G^ ■ exp{zLy[[z]]) = G^[[z]], the connected subgroup of G[[z]] corresponding to 
We can conclude that zi and Z2 belong to the same G'^[[2;]]-orbit in Let 
Ue = e + L^^^ be the Kostant slice in corresponding to e. The untwisted case of our 
argument implies that every G^[[z]]-orbit in ^'"'^^[[2]] intersects t'e[[-2]] in exactly one point. 
So Zi and Z2 are equal in e + (2;L^"'"'^[[2;]])'^. 

For a general parahoric, suppose Xi, X2 G pnL'''^^[[2]]'^ have the same image in RxQaQ\\^z\Y . 
By Lemma [6. II there is p G "Pq such that pxi(O) = X2(0), while by the previous case there is 
g G G'[[2]]'^ such that gxi = X2- Then p~^g{0) fixes an element of po H Lq"^^, so 5^(0) belongs 
to Vq, and hence g belongs to V. □ 

6.2. Consequences of the Kostant slice theorem. As in the proof of Lemma I4.24[ 
Propositions 14.261 and 16.41 combined imply: 

Lemma 6.5. The multiplication map G[[z]Y x — t- ^^^^[[2]]°" is smooth and surjective. 

The results of Section|l](in particular the regular semisimple slice theorem and the fact that 
the map L''^^[[5;]]'^ — )■ is smooth) imply that pullback via the map -^^[[2]]'^ Q[[^]V 

gives an isomorphism between algebraic forms on and G'[[z]]'^-basic and invariant 

forms on ^^[[2]]'^ (see also Proposition I4.31( ). A simpler proof follows from applying Lemma 
16.51 and pulling algebraic forms on L^^^[[z]]°" back to G'[[2;]]'^ x 

In this section, we use a similar idea to calculate the ring of basic and invariant forms on 
the nilpotent of an Iwahori. Accordingly, let b = {/ G -^^[[-2]]'^ : /(O) G bo} be an Iwahori 
subalgebra of g (ie. bo is a Borel in Lo), let B be the corresponding Iwahori subgroup of 
and let n be the nilpotent subalgebra. Recall that if e is a principal nilpotent in Lq 
then {G^'Y is a connected subgroup of Bq, the Borel subgroup of G'' corresponding to bo. 
Consequently the group G[[-z]]e = {(? G Gffz]]"" : g{0) G G"^} is the connected subgroup of B 
with Lie algebra {/ G L[[z]Y : /(O) G Lg}. 

Lemma 6.6. If e is a principal nilpotent in Lq then the multiplication map 

Bxa^^. {e + {zL[[z]]r)-^nnU^n[^]r 

is an isomorphism. 

Proof. Obvious from the fact that / G fi lies in the regular locus if and only if /(O) is a 
principal nilpotent. □ 

Consequently restriction gives an isomorphism from the ring of S-basic and invariant forms 
on fi to the ring of G'[[z]]g -basic and invariant forms on e + (zL[[2;]])'^. 

Let denote the projection -^^[[-2]]*^ — ?■ (^[[-z]]*^- It is well-known that 0(x)(O) is zero for 
X G if and only if x(0) is nilpotent in Lq. Thus restricts to a map e + (^^[[2]])'^ — > 

Lemma 6.7. Let {h, e, /} be a principal sl2-triple in Lq, and let r] = e + (^zL^[[z]Y'^ . Then 
the composition r] ^ e + {zL[[z]]Y — )■ is an isomorphism, and every G[[z]Y-orbit 

in e+ {zL[[z]]Y intersects rj at a unique point. The projection e + {zL[[z]]y — )■ is 
smooth and surjective, as is the multiplication map G[[z]Y x rj e + {zL[[z]]y . 
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Proof. Let u denote the Kostant slice e + of L. Note that t] is the subset {/ G : 
/(O) = e}. Since all principal nilpotents lie in a single orbit, and every orbit intersects v 
at a unique point, e is the only nilpotent in v. Hence the isomorphism z^ff^z]]*^ — ^[[2;]]'^ 
identifies rj with The map e + — )■ (2<5[[-z]])°^ is G[[2;]]g-equivariant, so 

every G[[2;]]g-orbit in e + intersects 77 in no more than one point. Conversely, 

given X G e + there is (? G ^[[2]]'^ such that gx G ^^[[j;]]'^- Since g(fi)x(fi) is a 

principal nilpotent, gx must belong to 77 and consequently g belongs to G'[[2;]]g. The map 
g-^rj c_i. e+ — )■ is an isomorphism and g~^rj contains x, so e + is 

smooth and surjective. It follows as in Lemmas 14. 241 and 16.51 that ^[[2;]]^ x — )■ e+ 
is smooth. □ 

This leads to the main proposition of this section. 

Proposition 6.8. Let b he an Iwahori subalgebra of the twisted loop algebra q, and let n be 

the standard nilpotent subalgebra. Let B be the corresponding Iwahori subgroup of G[[z]]'^ . 
Then pullback via the map n — )■ gives an isomorphism between the ring of algebraic 

forms on {zQllzJlY and the ring of B -basic and invariant algebraic forms on n. 

Proof. By Lemma [6.6[ restriction to e + (zL[[z]])'^ gives an isomorphism from i3-basic and 
invariant forms on n fl ^''^^[[2;]]'^ to G[[z]]g-basic and invariant forms on e + (2;L[[2;]])'^. Since 
G[[2;]]g X — )■ e+ is smooth by Lemma and G[[z]]g-equivariant, restriction from 

e + (zL[[2;]])'^ to rj is injective on G[[z]]g-basic and invariant forms. Since 77 — )■ (-z<5[[-z]])'^ is 
an isomorphism, all forms on r] arise via pullback from But nfl is dense 

in n, so all ^B-basic and invariant forms on n are pullbacks. □ 

This proof does not extend to nilpotent subalgebras of other parahorics, as unL''^^[[2;]] is 
non-empty only in the Borel case. Theorem 13.51 and Proposition 16. 81 together imply Theorem 
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